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Abstract

In this thesis, new methods in solid mechanics are developed for analyzing vibrations in
structural systems with particular emphasis on passenger cars in high-speed trains. Three
interrelated problems are examined.

The first part of the thesis is on the propagation of vibration energy from the wheels
to the car body. System identification is used to estimate the dynamic properties of the
suspension using acceleration data from full speed test runs of a prototype train. Fatigue
reliability is assessed using deterministic and stochastic methods, and static and dynamic
fatigue test procedures are developed for an experimental test facility at the Korea Railroad
Research Institute.

The highest stresses are found to be at the corners of the windows and doors of the
aluminum car body panels. In the next part of the thesis, a semi-analytical method is devel-
oped for analyzing these stress concentrations. The basic idea is to combine a conformal
mapping approach based on complex variable theory with finite element analysis. In this
manner, a relatively coarse mesh can be used to predict highly localized stresses around

openings in plates under bending loads. The approach is useful for complex structures

ii



ABSTRACT

where it would be difficult to include fine meshes around every panel opening.

Since advanced car body designs tend to have tubular frames, the last part of the thesis
focuses on free vibrations of orthotropic cylindrical shells. Perturbation theory is used to
derive closed-form analytical expressions for the frequency-wavelength dispersion relation
and for the natural frequencies and mode shapes. These new analytical results provide
insight into the characteristics of cylinder vibrations and are also useful for system identi-

fication.

Advisor: Dr. Takeru Igusa

Readers: Dr. Benjamin W. Schafer and Dr. James K. Guest

1ii



Acknowledgements

I would like to thank my advisor Professor Takeru Igusa for his generous support, con-
tinuous guidance and inspiration during the course of my doctoral work at the Johns Hop-
kins University. He is a wonderful mentor whose great vision and high standards has helped
me shape my academic life.

My special thanks goes to my committee members and the readers of this thesis, Profes-
sor Ben Schafer and Professor James Guest for the precious time they put in reading my dis-
sertation. Their invaluable comments and suggestions are greatly acknowledged. [ would
also like to thank Professor Sanjay Arwade of University of Massachusetts at Amherst for
the role he has played in enhancing my academic abilities. Financial and technical support
from the Korea Railroad Research Institute (KRRI) is gratefully appreciated. Drs. Kihwan
Kim, Choonsoo Park, and Sunghoon Choi are the key researchers from KRRI that made
this support possible.

I am also very thankful to my parents, Mohammadreza and Maliheh and my two sisters,
Yasaman and Ladan, without whose encouragement, I would not be able to complete this

journey.

v



ACKNOWLEDGEMENTS

During my PhD studies I made many wonderful friends. I would like to thank all my
dear friends and fellow graduate students, in civil engineering department, especially my
office mates who always provided me with their delightful friendship and valuable scientific
comments.

Finally I am particulary grateful to my dear husband, Mazdak, for his patience, uncon-
ditional love and for all the valuable discussions I have had with him during these years
regarding my research. This thesis is dedicated to him who has been a tremendous source

of support and encouragement.



Dedication

To my beloved husband, Mazdak

vi



Contents

Abstract ii
Acknowledgements iv
List of Tables xiii
List of Figures XV
1 Introduction 1
1.1 Road map of the dissertation . . . . . ... ... ... ... ........ 4

2 Propagation of vibration energy from the bogies to the car body frame 6
2.1 Introduction . . . . . . . . ... ... e 6

2.2 Motivationandresearchgoal . . . . . ... ... ... ... ... ... 8
2.2.1 Random vibration theory: A briefreview . .. ... ... .. ... 10

2.2.1.1 Time domain random vibrations . . . . . . ... ... .. 13

2.2.1.2 Frequency domain random vibrations . . . . . ... ... 15

vii



CONTENTS

2.2.1.3 Relation between the impulse response and frequency re-

sponse function . . . ... ..o 16

2.3 Stress predictionmodel . . . ... oo 17
2.3.1 Response characteristics . . . . . .. .. .. ... L 18
2.3.1.1 Review of previous studies . . . . . ... ... ... .. 18

2.3.1.2 Response characteristics at cruising speed . . . . . . .. 23

2.3.2  Analytical forms for the transfer functions . . . . . ... ... ... 28
2.3.2.1 System dynamic properties . . . . . . ... ... 29

2322 Derivationof TFs . . . .. ... .. .. ... ...... 31

2.3.2.3 Frequency-dependent support stiffness . . . . . .. ... 41

2.3.3 Car body stress transfer function . . . . . ... ... ... ... .. 43

234 StresSpatterns . . . . . ..o v v e e 47
2.3.4.1 Harmonic stress patterns . . . . . . . . . .. ... 47

2.3.42 Modalstresspatterns . . . . . .. ..o 48

3 Fatigue reliability analysis of passenger cars in high speed trains 67
3.1 Background . . . .. . ... 68
311 S-N e 68
3.1.1.1 Safelifedesign . .. .. ... ... .. ......... 70

3.1.1.2 Infinite lifedesign . . . . .. .. ... ... ... ... 70

312 HotSpot . . . . . . . e 70

3.1.3 Strain-Life . ... .. ... ... ... e 71



CONTENTS

32

33

34

3.14 Fracture mechanics . . . . . .. ... ... .. ... .. ..., 72
3.1.5 Selectionof methods . . . . ... .. .. ... ... . ... 72
3.1.6 LoadsandStresses . . . . . . .. . . .. . e 73
Fatigue reliability analysis of passengercar . . . .. ... ... ...... 74
32,1 Fatigue stress . . . . . . . o o . e e e 74

3.2.1.1 Fatigue stress life analysisreview: . . . .. ... .. .. 77
322 Rainflowcounting . . . .. ... ... o 79
323 Damageindices . . . . . . ... o oo e 84

3.2.3.1 Discretizedanalysis . . . . ... .. ... ... ... 85

3.2.3.2 Continuous analysis . . . . .. ... .. ... ... ... 88
Loads for fatigue testing . . . . . . . . .. ... 92
Conclusions and future study . . . . . . . .. ... .. Lo 109

4 Analysis of stresses in plates with rectangular openings using coarse finite ele-

ment meshes 117
4.1 Introduction . . . . . . . . o it e e e e e e e 118
4.2 Analyticalresults . . . . . . ... o 123
4.2.1 Plate bendingequations . . . . ... .. ... oL 123

4.2.2 Review of analytical solution using conformal mapping . . . . . . . 129
422.1 Conformal transformation definition and properties . . . 129

4.2.2.2 Moments and shear relations using complex representation 130

4223 Unweakened plate bending . . . .. .. ... ...... 132

ix



CONTENTS

4224 Boundary Conditions . .. ... ............. 134

4,225 Example: bending of a plate with a square hole . . . . . . 136

4.2.3 New relations for moment and shear . . . . . .. ... ... .... 138

4.3 Numerical Method . . . . . .. . ... .. e 144
4.3.1 Imposing boundary conditions via linear regression . . . . . . . .. 146
4.3.1.1 Numerical results and discussion . . . . . .. ... ... 148

4.3.2 Enhancing coarse finite elementresults . . . . ... ... ... .. 150
432.1 Numericalexamples . . . . . . ... ... ... ..... 155

44 Conclusion . . . . . . . . . e 160
5 Vibration of cylindrical shells-review and minor extensions 163
5.1 Literature review of vibrations of composite cylinders . . . . . . . ... .. 166
5.2 Review of the mechanics of fiber-reinforced composites . . . . . . . .. .. 170
5.2.1 Lamina mechanical properties . . . ... .. ... ... ...... 171
52.1.1 Thinlamina . .. ... ... ... ... ... ... 172

5.2.2 Mechanical properties of laminated composites . . . . . . . .. .. 173

5.3 Vibration of thin cylindrical shells . . . . . ... ... ... .. .. .... 176

5.3.1 Equations of motion and boundary conditions: a variational formu-

lation . . . . . . ... 179
5.3.1.1 Exactnumerical solution . . .. ... .......... 185
5.3.1.2 Numericalresults . . ... ... ... ... ....... 187
5.3.2 Approximate solution using Rayleigh-Ritz technique . . . . . . .. 198



CONTENTS

5.3.2.1 Mode shapes of a free-free Euler-Bernoulli beam . . . . . 203

5.3.2.2 Frequencies and mode shapes of a free-free composite

cylinder . ... ... ... ... 205

5.3.2.3 Numericalresult . . . . ... ... .. ... ... 207

6 Perturbation analysis of the modal properties of composite cylinders 217
6.1 Framework of the perturbation analysis . . . . ... ... ... ...... 219
6.2 DISPErsion . . . . . . .. 224
6.2.1 Perturbation analysis of the dispersion relation . . . .. ... ... 228

6.21.1 CaseLA=0 . ..... . ... ... ... .. 229

6212 CaselllA=A; ... ... . . . .. . .. . 230

6.2.13 Caselll:Large A, p=~0 ... ... .. ... ....... 233

6.3 Boundary conditions . . ... ... ... oL 237
63.1 Casel:smallX . ... ... ... ... ... ... 237

6.3.1.1 Zeroth-orderresults . . . . . ... ... ......... 237

6.3.1.2 First-orderresults . . .. ... ... ........... 239

632 CasellA=Ar . ... .. i e 242

6.3.3 Combining the boundary conditions . . . . ... .. ........ 248

6.4 Resultsanddiscussion . . ... ... ... ... 251
6.4.1 Application to system identification . . . .. ... ... ... ... 267

7 Concluding remarks 268

X1



CONTENTS

7.1 Summaryofresults . . . . . . ... e 269
72 Futureresearch . . . . . . . . . ... e 271
A Boundary conditions at the hole 274
Vita 285

Xii



List of Tables

2.1
2.2

3.1

3.2

33

3.4

35
3.6

4.1

4.2

5.1

52
53

54
5.5

Descriptionof modes . . . . . .. . .. .. ..o o 32
Description of transfer functions . . . . . . .. ... ... ... 32
Damage index using frequency-dependent stiffness and simplified equation

B D) for tiperime = 10% . . o L L 92
Damage index using frequency-dependent stiffness and rainflow counting
for f’lifctime = 109 ................................ 93
Damage index using two-parameter stiffness and simplified equation (3.11)
for tlifet’i‘me = 109 ................................ 94
Damage index using two-parameter stiffness and rainflow counting for
tigetime = 10% L L L L 95
Test forces for matching displacements and stresses at 2.75Hz. . . . . . . . 103
Test forces for matching displacements and stresses at 74.5Hz. . . . . . . . 104

The distribution of moment and shear forces, and the deformation and ana-
lytic functions for a plate without hole under different types of moments at
far-field . . . . . . ... 149
Coefficients of the analytic functions and ratio of maximum normal stress
o, and maximum shear stress 7 to maximum value of normal stress due to

far-field moment o, at the boundary of thehole. . . .. . ... ... ... 151
Summary of different studies performed on vibrations of cylinders, (SS:

simply supported, CL: clamped, F:free) . . . .. .. ... ... ... ... 168
Properties of the isotropic copperpipe . . . . . . . . . .. ... 187

Natural frequencies of copper pipe using numerical method for solving
equilibrium and boundary conditions, compared with finite element analysis 188
Properties of the orthotropiceylinder . . . . . . . ... ... ... ..... 194
Natural frequencies of orthotropic cylinder using numerical method for
solving equilibrium and boundary conditions, compared with finite element
analysis . . . . . L. e e e e e 195

Xiii



LIST OF TABLES

5.6 Frequency number \; = L 'mw]z / E I for free-free beam for the first S modes204

5.7 Natural frequencies of copper pipe using the the approximate energy method 208
5.8 Natural frequencies of thin, balanced and symmetric laminate with proper-
tiesshowninTable5.4 . . . . .. ... ... ... .. 211

Xiv



List of Figures

2.1

22
23
24
2.5
2.6
2.7
2.8
2.9
2.10
2.11
2.12

2.13
2.14
2.15
2.16
2.17

2.18

2.19
2.20

The use of impulse response function for finding the response due to a

general load (after Clough and Penzien [1993]). . . . .. .. ... ... .. 13
Time dependent PSD of the axle.(Time in seconds, frequency in Hz.) . . . . 18
Time dependent PSD of the bogie.(Time in seconds, frequency in Hz.) . . . 19
Time dependent PSD of the car body.(Time in seconds, frequency in Hz.) . 20
Auto-PSD of the bogie acceleration. . . . . . ... ... ... ....... 23
Auto-PSD of car body acceleration. . . . ... ... ... ... ... .. 24
Cross-PSD of bogie-car body acceleration. . . . . . . ... ......... 25
TF, Hgb, of bogie to car body accelerations. . . . .. ... ... .. .... 26
Finite element model of thecarbody . . . . . . . ... ... ... ..... 30
FEM model and support configuration for determining modal properties. . . 33
Mode shape 4 (11.35 Hz) illustrating a local displacement pattern. . . . . . 34
Mode shape 6 (21.12 Hz) illustrating a simple breathing mode displace-

91153 (1A 0¥ 111 v o 1S 35
Mode shape 7 (23.94 Hz) illustrating a more complex breathing mode dis-

placementpattern. . . . . . . . . . ... 36
Mode shape 8 (26.65 Hz) globalmode . . . . . . .. ... ... ...... 37
Mode shape 9 (33.50 Hz) globalmode . . . . . ... .. ... ....... 38
Mode shape 10 (38.53 Hz) globalmode . . . . . ... ... ... ..... 39
Schematic figure showing the principal vibration motion of the system for

bogie motion near the door and bogie motion away from the door. . . . . . 42
(a) Fundamental TFs for force at the support to acceleration at the car body.

Force locations: (dashed) support at left end away from the door, (solid)
support at right end near the door. (b) Absolute value of the mode shape
at the support. (c) Absolute value of the mode shape at the car body. (d)
Product of mode shapes. . . . . ... ... ... ... ... ... .. .. 50
Acceleration TF from support to car body (support at right end near the door). 51
Frequency dependent stiffnesses. Model estimate from (solid) right bogie
motion near the door and (dashed) left bogie motion away from the door.
Simple two-parameter model (red). . . . . . . .. ... ..o oL L. 52

XV



LIST OF FIGURES

2.21
222
223
2.24
2.25
2.26
2.27
2.28
2.29
2.30
2.31
2.32

2.33
2.34

3.1
32

33
34
3.5
3.6
3.7
3.8
3.9
3.10
3.11

3.12
3.13

TF of bogie to car body accelerations using the two-parameter support stiff-
ness model and the FEM model for the carbody. . . . . ... .. ... ..
Stress pattern for the transfer function for the longitudinal stress 11 at the
sleeper frequency 138 Hz. . . . . ... ... ... .. ... ... ... ..
Stress transfer function for unit force at the support and stress 22 at the
window corner as indicated in the diagram. . . . . .. ... ... ... ..
Stress transfer function for a unit acceleration at the bogie and stress at the
window corner using the frequency-dependent suspension stiffness.

Stress transfer function for unit acceleration at the bogie and stress at the
window corner using the two-parameter suspension stiffness. . . . . . . ..
Stress PSD at the window corner using the frequency-dependent suspen-
sionstiffness. . . . . . . ...
Stress PSD at the window corner using the two-parameter suspension stiff-

Stress pattern for a unit 53 Hz harmonic load at the bogie support. . . . . .
Stress pattern for a unit 63 Hz harmonic load at the bogie support. . . . . .
Stress pattern for a unit 74.5 Hz harmonic load at the bogie support.

Stress patterns for the 49 and 54 Hz mode shapes. . . . . . ... .. .. ..
Stress patterns for the 62 and 73 Hz mode shapes. . . . . . ... ... ...
Stress patterns for the 75 and 81 Hz mode shapes. . . . . . ... ... ...
Stress patterns for the 136 and 139 Hz mode shapes. . . . . . ... ... ..

Typical shape forthe S-Ncurve. . . . . ... ... ... ... .. ....
Simulated stress time history at the window corner due to recorded bogie

MOLOM. . . v . v i e e e e e e e e e e e e e e
Simulated stress time history, enlarged time scale. . . . . .. ... ... ..
Fatigue parameter definitions. . . . .. ... .. ... ... . ...,
Example of rainflow counting (after M. L. Sharp et al. [1996]) . . . . . ..
Rainflow counting matrix of stress amplitudes (MPa) and mean values for

the stress (MPa) at the window corner location. . . . . ... .. ... ...
Histograms of alternating stress amplitudes (MPa) and mean values for the

stress (MPa) at the window corner. . . . . . . .. ... .. .. .. ... ..

Rainflow counting matrix of stress amplitudes (MPa) and mean values for

the stress (MPa) at the door corner location. . . . . . ... ... ... ...
Histograms of alternating stress amplitudes (MPa) and mean values for the
stress (MPa) atthe doorcorner. . . . . . . . ... .. ...
Locations of high stress responses for detailed study. . . . ... ... ...
Damage index at eight locations using (a) frequency-dependent support
stiffness and (b) two-parameter stiffness. Rainflow counting (dashed), sim-
pler result using equation (17) (solid). . . . . . ... ... .. ... ...
Test configurations for fatigue stresses. . . . . . . . .. ... ... ... ..
Locations for matching test displacement patterns. . . . . . . .. .. .. ..

Xvi

69

83



LIST OF FIGURES

3.14
3.15
3.16
3.17

3.18
3.19
3.20
3.21
3.22
3.23

3.24
3.25
3.26

4.1
4.2
4.3
4.4
4.6
4.7
4.8
4.9
4.10
4.11

5.1

52

53
54
55

5.6
5.7
5.8
5.9

5.10

Locations for matching test stress patterns. . . . . . . . ... ... ... .. 100
Stress pattern for a unit 2.75 Hz harmonic load at the bogie support. . . . . 105
Stress pattern for a uniform static test load fitted to the 2.75 Hz displacements. 106
Stress pattern for a non-uniform static test load fitted to the 2.75 Hz dis-

placements. . . . . . . ... L 107
Stress pattern for a non-uniform static test load fitted to the 2.75 Hz stresses. 108
Stress pattern for a dynamic test load fitted to the 2.75 Hz displacements. . 109
Stress pattern for a dynamic test load fitted to the 2.75 Hz stresses. . . . . . 110
Stress pattern for a unit 74.5 Hz harmonic load at the bogie support. . . . . 111
Stress pattern for a uniform static test load fitted to the 74.5 Hz displacements. 112
Stress pattern for a non-uniform static test load fitted to the 74.5 Hz dis-

placements. . . . . . ... L L e 113
Stress pattern for a non-uniform static test load fitted to the 74.5 Hz stresses. 114
Stress pattern for a dynamic test load fitted to the 74.5 Hz displacements. . 115

Stress pattern for a dynamic test load fitted to the 74.5 Hz stresses. . . . . . 116
Internal forcesinaplateelement . . . . . . . ... .. ... .. ... .. 123
Conformal transformation to aunitcircle . . . ... . ... ... ... .. 124
dimension and locationofholes . . . ... ... .. ... ......... 138
Optional caption for listof figures . . . . . ... ... ... ... ..... 152
Optional caption for listof figures . . . . . .. ... ... .. ....... 156
Optional caption for listof figures . . . . . .. ... ... .. ... .... 157
Loading and boundary conditions . . . . . ... ... .. ... ..., 158
Optional caption for listof figures . . . . . . ... ... .......... 159
Loading and boundary conditions . . . . . . ... . ... ... ... .. 160
Optional caption for listof figures . . . . . .. ... ... .. ... .... 161
Distribution of stresses in car body and cylindrical shell for low frequency

modes . . . . L e e 164
Distribution of stresses in car body and cylindrical shell for high frequency

modes . . . . . .. e e e e 165
Internal forcesinaplate . . ... ... ... ... 0oL, 177
Mode shape associated with n = 1 using exact numerical solution . . . . . 189
Mode shape associated with n = 1 using finite element analysis

(ABAQUS) . . . e e 190
Mode shape associated with n = 2 using exact numerical solution . . . . . 190
Mode shape associated with n = 2 using exact numerical solution . . . . . 191
Mode shape associated with n = 2 using exact numerical solution . . . . . 191
Mode shape associated with » = 2 using finite element analysis

(ABAQUS) . . .. . e 192
Mode shape associated with n = 2 using finite element analysis

(ABAQUS) . . . . e 192



LIST OF FIGURES

5.11

5.12
5.13

5.14
5.15
5.16
5.17
5.18
5.19
5.20
5.21
5.22
5.23
524
5.25
5.26
5.27
5.28
5.29
5.30
5.31
5.32

5.33

5.34
5.35

Mode shape associated with n = 2 using finite element analysis
(ABAQUS) . . . . e
Mode shape associated with n = 3 using exact numerical solution . . . . .
Mode shape associated with n = 3 using finite element analysis
(ABAQUS) . . .

Mode shape associated with n = 1 using exact numerical solution for or-
thotropiccylinder . . . . . . . . ... ... L
Mode shape associated with n = 1 using exact numerical solution for or-

thotropiccylinder . . . . . . . .. .. Lo Lo
Mode shape associated with n = 1 using finite element analysis
(ABAQUS) for orthotropic cylinder . . . . . . ... ... ... ......
Mode shape associated with n = 1 using finite element analysis

(ABAQUS) for orthotropiccylinder . . . . ... .. ... .........
Mode shape associated with n = 2 using exact numerical solution for or-
thotropiccylinder . . . . . . . ... .. L o
Mode shape associated with n = 2 using exact numerical solution for or-
thotropiccylinder . . . . . . . .. .. .. e
Mode shape associated with n = 2 using exact numerical solution for or-

thotropiccylinder . . . . . ... ... .. ... L
Mode shape associated with n = 2 using finite element analysis
(ABAQUS) for orthotropiccylinder . . . . ... ... ... ........
Mode shape associated with n = 2 using finite element analysis
(ABAQUS) for orthotropic cylinder . . . . ... ... ... ... .....
Mode shape associated with n = 2 using finite element analysis

(ABAQUS) for orthotropiccylinder . . . . ... ... .. ... . .....
Mode shape associated with n = 1 using Rayleigh-Ritz method . . . . . . .
Mode shape associated with n = 2 using Rayleigh-Ritz method . . . . . . .
Mode shape associated with n = 2 using Rayleigh-Ritz method . . . . . . .
Mode shape associated with n = 2 using Rayleigh-Ritz method . . . . . . .
Mode shape associated with n = 3 using Rayleigh-Ritz method . . . . . . .
Mode shape associated with n. = 1 using Rayleigh-Ritz method for or-

thotropiccylinder . . . . . . . .. ... s
Mode shape associated with n = 1 using Rayleigh-Ritz method for or-

thotropiccylinder . . . . . . . .. .. L. e
Mode shape associated with n = 2 using Rayleigh-Ritz method for or-

thotropiccylinder . . . . . . . .. . ...
Mode shape associated with n = 2 using Rayleigh-Ritz method for or-

thotropiccylinder . . . . . . . .. .. ...
Mode shape associated with n = 2 using Rayleigh-Ritz method for or-

thotropiccylinder . . . . . .. . ... L oo o
Stresses at the edge of cylinder for the first mode shape . . . . . . . .. ..
Stresses at the edge of cylinder for the first mode shape . . . . . . ... ..

XViil



LIST OF FIGURES

6.1

6.2

6.3

6.4

6.5

6.6

6.7

6.8

6.9

6.10

6.11

6.12

6.13

6.14

6.15

6.16

6.17

6.18

6.19

Exact \; versus frequency for circumferential mode n = 1, solid line: real
part, dotted line: imaginary part . . . . . . .. ... L L
Exact \; versus frequency for circumferential mode n = 2, solid line: real
part, dotted line: imaginary part . . . . . . .. ... ...
Exact \; versus frequency for circumferential mode n = 2, for orthotropic
laminate, solid line: real part, dotted line: imaginary part . . . . . .. . ..
Comparison of exact dispersion relation with the zeroth-order approxima-
tion, for circumferentialmode n=1 . . . . .. ... ... ... ......
Comparison of exact dispersion relation with the zeroth-order approxima-
tion, for circumferentialmode n =2 . . . ... ... ... ... ...
Comparison of exact dispersion relation with the first-order approximation,
for circumferentialmoden=1. . . ... ... ... ... .........
Comparison of exact dispersion relation with the first-order approximation,
for circumferentialmoden=2. . . . . ... ... .. o oL,
Comparison of exact, zeroth- and first-order approximation of «, for cir-
cumferential moden =1 . . . . . . ... ... ... .. ... 0.,
Comparison of exact, zeroth- and first-order approximation of «, for cir-
cumferentialmoden =2 . . . . . . .. .. ... oL
Comparison of exact and approximate natural frequencies and wave num-
bers using the first-order approximation, for circumferential moden =1 . .
Comparison of exact and approximate natural frequencies and wave num-
bers using the first-order approximation, for circumferential mode n =2 . .
Comparison of exact and approximate natural frequencies and wave num-
bers using the first-order approximation for the dispersion equation, for
circumferential moden =1 . . .. ... ... ... ... . ...
Comparison of exact and approximate natural frequencies and wave num-
bers using the first-order approximation for the dispersion equation, for
circumferentialmoden =2 . .. ... .. ... ... .. 000,
Internal forces and moments comparison, for circumferential mode n = 1,
firstmodeshape . . . . . . . ... ...
Internal forces and moments comparison, for circumferential mode n = 1,
secondmodeshape . . . . .. ... ... ... L o L
Internal forces and moments comparison, for circumferential mode n = 2,
firstmodeshape . . . . .. .. ... L oo
Internal forces and moments comparison, for circumferential mode n = 1,
secondmodeshape . . . ... ... .. ... oL
Comparison of exact dispersion relation for orthotropic laminate with the
zeroth-order approximation for the dispersion relation, for circumferential
moden =2 . . . . ... e
Comparison of exact dispersion relation for orthotropic laminate with the
first-order approximation for the dispersion relation, for circumferential
moden =2 . . . . . . .. e e e e

Xix



LIST OF FIGURES

6.20

6.21

6.22

6.23

6.24

Comparison of exact, zeroth- and first-order approximations of « for or-
thotropic laminate, for circumferential mode n =2 . . .. .. .. ... ..
Comparison of exact and approximate natural frequencies and wave num-
bers for orthotropic laminate using the first-order approximation, for cir-
cumferentialmoden =2 . . . ... ... ... ... oo
Comparison of exact and approximate natural frequencies and wave num-
bers for orthotropic laminate using the first-order approximation for the
dispersion relation, for circumferentialmode n =2 . . . .. ... ... ..
Internal forces and moments comparison for orthotropic laminate, for cir-
cumferentialmoden =2 . . . . .. ... ... o
Internal forces and moments comparison for orthotropic laminate, for cir-
cumferentialmoden =2 . . . . . . ... ... .. ... ...

XX



Chapter 1

Introduction

Many structural systems such as automotive, naval, and aerospace vehicles as well
as fixed structures such as buildings and bridges are subject to dynamic loads. Under
certain situations, such as when the frequency of the vibration is close to one of the natural
frequencies of the structure, the dynamic loads can lead to excessive displacements and
stresses. In some structures, repetitive dynamic loads lead to fluctuating stresses which
may cause failure due to fatigue. Therefore the study of dynamic response of structures
is important for design. In high performance structures, which tend to be lightwe.ight and
flexible, the analysis of vibration is even more important since these structures are more
susceptible to vibration.

The purpose of this thesis is to develop new methods in solid mechanics that can be used
for analysis of vibrations of structural systems. Here the focus is on the vibration analysis

of the passenger car body of high-speed trains. In the course of the development of these



CHAPTER 1.

methods, it was found that vibration in high-speed trains is a complex problem with a vast
number of phenomena that can be explored using numerical, analytical and experimental
techniques. While this thesis is not meant to be a comprehensive study of those vibration
phenomena, all three types of exploration techniques are used. The focii of this research
were on three interrelated topics: the propagation of vibration energy from the wheels to the
car body frame and its effect on fatigue reliability, the stress concentrations at the corners
of window and door openings and the overall vibration characteristics of tubular structures.

The HSR-350x, a highly instrumented prototype of the most recent generation of high-
speed trains in South Korea, was used as the example system for this study. Since the
response data under test run conditions and a 650,000 degree of freedom NASTRAN model
were provided by the Korea Railroad Research Institute, it was possible to focus on more
fundamental issues in this research.

In the first part of this thesis, the dynamic response of a passenger car body in a high-
speed train is examined and failure due to fatigue is investigated. The car bodies are
lightweight structures made of aluminum. The applied cyclic loadings are due to differ-
ent sources of vibration such as rail and wheel irregularities. Since the dynamic loads have
random fluctuations in time, random vibration techniques were used to examine the rela-
tionships between the statistical characteristics of the excitation and response. The goal of
this study is to determine the fatigue reliability of the car body and to recommend fatigue
test procedures.

In the next part of the thesis, highly localized stresses near the openings in the wall
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panels for doors and windows are examined. Since these stresses can lead to fatigue fail-
ure, many studies have been performed on the stress concentrations around such geometric
irregularities using analytical methods, numerical simulations and experiments. Herein,
the analytical methods based on theory of elasticity are used to find the stress distribution
around openings. These methods are relatively complicated and are applicable only for
simple loads. To obtain these stresses using finite element analysis, fine meshes need to
be used around each opening, making the model and analysis more complicated and com-
putationally time consuming. Therefore a more practical solution for finding the stress
concentrations is of interest. Herein, a semi-analytical approach is proposed to incorporate
the result of a coarse mesh finite element analysis with an analytical solution to predict the
stress concentration around plate openings.

In the last part of the thesis, the global characteristics of car body vibrations are ex-
amined. Since advanced car body designs for high-speed rail in Asia and Europe tend
to have tubular frames, cylinders are used to represent the canonical shape of these de-
signs. [sotropic, orthotropic and more general anisotropic material properties are consid-
ered. A number of different shell theories based on different assumptions for the strain-
displacement relationships lead to a variety of equations of motion. In many cases, such
as when the cylinder is free at its ends, these équations do not have a closed-form solu-
tion. Researchers have proposed several numerical and approximate analytical approaches
to solve for the natural frequencies and mode shapes of these cylinders. Some of these

methods use numerical analysis to solve for the equilibrium equations with the boundary
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conditions. Others use energy approaches such as the Rayleigh-Ritz method by assuming a
specified mode shape for the cylinder. While the Rayleigh-Ritz methods are relatively sim-
ple to implement, the mode shapes in many cases only approximately satisfy the boundary
conditions. In the last part of the thesis, a perturbation method is used to find the natural
frequencies and mode shapes of a vibrating cylinder. The goal was to derive relatively
simple expressions for the dispersion relation and modal properties using a small number
of parameters. It is shown that these expressions are useful in their own right because they
lead to enhanced insight into the characteristics of cylinder vibrations and are also useful

for system identification.

1.1 Road map of the dissertation

The chapters of this dissertation are organized as follows.

In Chapter 2, the characteristics of the response of the passenger car body is studied.
Experimental acceleration measurements along with the results of a finite element analysis
of the car body are used for system identification of the dynamic properties of the suspen-
sion. Using these frequency dependent properties of the suspension, the power spectral
density of stresses in the car body is also calculated.

Chapter 3 focuses on the study of fatigue in the car body due to the dynamic loads. The
power spectral density of stress is used in assessing fatigue reliability. By examining the

stress patterns in the car body due to harmonic loads, loads for full-scale fatigue tests are
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proposed.

In Chapter 4, the stress concentrations around plate openings are studied. After a brief
review of the method of complex variables [Muskhelishvili, 1975], some new analytical
results are derived for finding the stress distribution around holes. Unlike previous methods,
a least squares technique is used instead of a contour integral for satisfying the boundary
conditions at the plate opening. It is then shown how the analytical results can be used to
enhance the results of coarse mesh finite element analyses to estimate stress concentrations
around rectangular openings.

In Chapter 5, the free vibrations of cylinders is examined. The mechanics and vibration
of cylindrical shells are briefly reviewed. A numerical method for solving the exact equa-
tions for the natural frequencies and mode shapes is also reviewed and compared with the
energy approach for solving the free vibration problem.

In Chapter 6, perturbation is used to find approximate analytical expressions for the
dispersion relation between the frequency and wavelength and to develop a simple approach
to obtain the cylinder modal properties. It is shown how the results provide insight into the
characteristics of cylinder vibration. The results are also useful for identifying the basic
material properties of the cylindrical shell given experimental data.

Concluding remarks and future research directions are presented in Chapter 7.



Chapter 2

Propagation of vibration energy from

the bogies to the car body frame

2.1 Introduction

Many researchers including T.X. Wu and D.J. Thompson [2000, 2001], Farm [2000],
T.X. Wu and D.J. Thompson [2003], M. Heckl et al. [1996], D.J. Thompson and C.J. Jones
[1999], I.L. Ver et al. [1976] studied different sources of noise and vibration in trains and
investigated their effect on the comfort and reliability of the structure. Rolling, impact and
squeal noise are different categories of noise due to rail/wheel interaction that have been
reviewed in detail by D.J. Thompson and C.J. Jones [1999].

Rolling noise is due to roughness, the small scale unevenness between the rail and

wheel, which results in high frequency vibration. If the roughness is small, the rail/wheel
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interaction is linear which means that a linear spring can be used to model the contact
between rail and wheel, while when the roughness is large or the car body is very light,
nonlinear behavior must be considered [T.X. Wu and D.J. Thompson, 2000].

Impact noise is generated due to rail discontinuities such as joints and switches and
wheel discontinuities such as flattened wheel segments caused by braking [I.L. Ver et al.,
1976]. The train speed is an important parameter in the latter kind of impact noise, since
the wheel is separated from the rail at the discontinuities if the train speed is higher than
a critical speed. Noise generation is completely different above and below this threshold
speed.

The stiffness of the rail is also an important parameter in impact noise generation. Re-
siliently supported rails need higher speeds to lose their contact with the wheel compared
with rigidly supported rails, since they can easily stay in contact with the wheel. They can
also follow the shape of the contact surface easier and therefore impose less impact forces
with the same speed [L.L. Ver et al., 1976].

Another important source of vibration is due to passage over the periodically placed
sleepers. The sleeper passing frequency is equal to f, = V/L, where V is the train speed
and L is the sleeper distance. Farm [2000] and T.X. Wu and D.J. Thompson [2003] studied
the effect of sleeper passing frequency on the vibrations of the passenger car.

The wheel passing frequency f,, = V/a is also another source of noise where a is the
distance between two wheels in a bogie.

The ride comfort of trains is also very important and it is usually affected by the above
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sources of vibrations. Y. G. Kim et al. [2008] determined the ride comfort for the HSR350x
high speed train. Ride comfort is evaluated considering different parameters such as train
speed, track conditions and vibrations.

A number of studies have also been performed on the fatigue reliability of high speed
trains. Kim [2006] studied the fatigue strength of the bogie in tilting trains using a combi-
nation of finite element analyses and static tests. S. I. Seo et al. [2005] performed full-scale
dynamic fatigue tests on urban transit cars and compared the results with static tests and

finite element analyses.

2.2 Motivation and research goal

Fatigue in the car body is due to repeated cyclic loads. There are two main sources
of cyclic loads on the car body. The first is due to the vibrations from the track, wheel
and bogie. The second is due to the pressure fluctuations when the train travels through
tunnels. The goal of this study is to determine the relationships between the first sources of
loads and the cyclic stresses within the car body. The effect of pressure fluctuations is not
considered in this study.

The direct approach for evaluating fatigue loads is not economical because of the mul-
tiple, complex sources of loads and the numerous unknown locations of critical stress. In
other words, it is too costly to test a car body for the combined vibration loads and to check

the stresses in various locations. One of the main goals of this research is to find a systems-
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level approach for evaluating fatigue loads. The systems-level approach would combine
information from different sources to make reliability predictions for fatigue-related safety.

The four main sources of information for this reliability study are:

1. Vibration data from previous high speed trains (HST). Vibration from the HSR-350x
(a previously built HST) will be used to develop models for the vibration and load

for the new HST.

2. Stochastic models for the loads. Extrapolation is needed to extend the data from the
previous HST to the higher speed of the new HST. Stochastic analysis is also needed

to describe the randomness in the loads.

3. Finite element model (FEM) for the car body. In the design phase, the FEM can be
used for predicting stresses throughout the car body due to vibrations. FEM is useful

for loads up to the mid-frequency range (100 Hz).

4. Reliability analysis for fatigue. In usual fatigue analysis, the predicted stress cycles
are input into a fatigue criterion to obtain a probability of fatigue failure. For the new
HST, however, it is necessary to expand this analysis to include several sources of

uncertainties and randomness.

The systems-level approach would result in a comprehensive reliability analysis of fatigue
and provide a better understanding of the behavior of the car body under vibration loads.
However, to develop specifications, it is necessary to reduce these results of the reliability
analysis into simple criteria. These criteria must then be checked using economical tests.

9
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Hence, the second main goal of this research is to develop a testing procedure for car
bodies for fatigue reliability. In general, it is difficult, expensive and impractical to perform
full-scale fatigue vibration tests. With the systems-level approach, however, it is possible to
use simplified equivalent static and harmonic tests to approximate the effects of vibration
loads due to the motion of the bogies.

In this chapter, a model for predicting car body stresses due to vibrations at the underly-
ing bogies is developed. The chapter begins with a review of random vibration techniques
needed in this analysis. Then the response characteristics of the HSR-350x is studied us-
ing measured acceleration data during high-speed test runs along with a NASTRAN model
provided by KRRI. Then using system identification techniques, the frequency dependent
properties of suspension between the car body and bogie is determined. This model for the
suspension is used to find the ratio of predicted car body stresses over the bogie accelera-
tion (stress transfer function). The spatial patterns of stress distribution in the car body are

also studied.

2.2.1 Random vibration theory: A brief review

Let X (1) be arandom process. The collection of the different realizations of the random

process is called an ensemble. The mean value of the the random process is:

px(t) = E[X(t)]

10
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where E [] is the expected value operator which is evaluated across the ensemble. The

second moment of a random process, the auto-correlation function, is expressed as follows:

Rxx(t,s) = E[X(£)X(s)]

To determine the relation between two random processes, consider another random process

Y (t). The cross-correlation between random processes X (¢) and Y (¢) is:

Rxy(t,s) = E[X ()Y (s)]

A random process X (t) is called strictly stationary if all of its probability distribution
functions are invariant of time. The term weakly stationary is used for the random processes
whose first and second moments do not depend on absolute time. For a stationary process

therefore, one can write:

px(t) = px(t+7)
Rxx(t,t+71)=E[X(#)X(t+ 7)] = Rxx(7)

Rxy(t,t+7) = E[X()Y(t +7)] = Rxy(7)

The correlation coefficient or normalized covariance between two random processes is de-

fined as:

E[(X — px)(Y — py)]

PXY =

where ox and oy are the standard deviations of random processes X and Y respectively.

Therefore for a stationary process the cross-correlation is always bounded:

—oxoypxy + tixfty < Rxy(T) < oxoypxy + pxpy

11



CHAPTER 2.

For most random processes the correlation coefficient goes rapidly to zero as 7 approaches
infinity which implies that for zero-mean random processes one can find the Fourier trans-
forms of the auto-correlation and cross-correlation functions.

The auto-power spectral density (PSD) of a stationary random process is the Fourier

transform of the auto-correlation function:

1 o0 )
Sx(w) = o= / R(r)e—"dr

Rx(T) = /00 Sx(w)e™  dw

—00
Since the auto-correlation function is even, the auto-PSD is real and even. It can also be
shown that the auto-PSD is a nonnegative function. The Wiener-Khinchin theorem states

the useful result that the area under the auto-PSD is the mean square of the random process:

Rx(r=0) = E[X(8)?] = / "~ S (w)dw

—oC

The cross-PSD of two random processes is:

1 i )
Sxy(w) = E/ Rxy(r)e™"dr

Since Rxy(r) = Ryx(—7), it can be concluded that Sxy(w) = Sy x(w), where the
superscript * denotes the complex conjugate.
The power spectral density is often estimated using the Fourier transform X (w) of the

random process z(t) as follows:
27 9
Sxx(w) = ?E [1X (w)[?]

12
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where T is the duration of the essentially stationary portion of the random process, and the
random process is windowed with respect to this duration (and additional scale factors are

nsed in approximating the Fourier transform according to the type of window used).

2.2.1.1 Time domain random vibrations

J®

(@)

dr

h(t) t—7>0

Figure 2.1: The use of impulse response function for finding the response due to a general

load (after Clough and Penzien [1993]).

It is usual to study the dynamic characteristics of a system by examining its response
due to an impulsive load. This load can be theoretically represented by the Dirac delta

13
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function:
f(t) =15(t)

where / is a constant representing the magnitude of impulse. The time integral of the force

/°° Jdt=1

The response of an oscillator due to a unit impulse / = 1 at ¢ = 0 is called the impulse

is simply:

response function A(t) and can be evaluated by solving the following equation of motion:
mh(t) + ch(t) + kh(t) = §(t)

where m, ¢ and k are the mass, damping and stiffness of the oscillator. Since the impulse
has a short duration, for ¢ > 0 the oscillator is under free vibration and the equations of

motion can be written in homogenous form:
mh(t) + ch(t) + kh(t) = 0

Using Newton’s second law, the change of the momentum due to the impulse load is
mAv = I = 1. Since the mass is initially at rest the velocity after the impulse would
be v = 1/m. The free vibration response of the oscillator with zero initial displacement

and initial velocity of vo = 1/m is:
1 —wét _:
h(ty = —e " sin(wqt)
Wd

where w is the undamped natural frequency of the oscillator, £ = ¢/2mw? is the damping
ratio and wg = w+/1 — £2 is the damped natural frequency.

14
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If the system is linear, a general loading can be expressed as the superposition of im-
pulse loads of different magnitudes f(7)dr at different times 7 as shown in Figure 2.1. The
response of an oscillator to general loads can then be evaluated using the impulse response

function:

y(t) = / h(t — 7)f(r)dr

—0o0

2.2.1.2 Frequency domain random vibrations

Another approach to find the characteristics of a linear dynamic system is to study the

response to a unit harmonic input:
ft) = e

The steady state response of the oscillator is:
y(t) = H(w)e™"

where H(w) is the frequency response function. Substituting y(¢) in the equations of mo-
tion one can write:

(—mw® +iow + k) H(w) = 1
Dividing the equation by mass m, the frequency response function can be expressed as:

1

H =
() —w? + 2ifwwy, + w?

where w,, is the natural frequency of the oscillator.
The relation between input and response can be expressed in terms of the frequency
response function. Let F'(w) be the Fourier transform of the input excitation and let X (w)

15
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and Y (w) be the responses in the frequency domain such that:
X(w) = Ho(w) F(w)
Y(w) = Hy(w)F(w)
The mean value and auto-power spectral density of the response can be expressed as:

px(w) = He(w)pr(w)

Sxx(w) = |Hy(w)[*Srr(w)

The cross-power spectral density between the input excitation and response can be written

as:
Sxr(w) = Hy(w)Srr(w) 2.1

Finally the cross-power spectral density between two responses X (w) and V' (w) is:

Sxy(w) = Hy(w)H,(w)Spr(w)

2.2.1.3 Relation between the impuise response and frequency re-
sponse function

Since the response characteristics of an oscillator can either be represented by the im-
pulse response function h(t) or the frequency response function H (w), it is useful to deter-

mined their relationship. Let Y (w) be the Fourier transform of the response y(t):

Y(w) = — /_ " (e tat

<

16
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Writing the response y(t) in term of the impulse response function:

¥(w) = % /_ Z < /_ : h(O) £ (t 9)d9> e~y

and changing the variable t' = ¢ — 6 one can rewrite the above equation as:

Y(w) = %/ h(#) (/ f(t’)eiw(t’+())dtl) dé

Y (w) = ( /_ : h(())e‘i“"dﬁ) (51; /_ : f(t')c—iwt’dt')

Y (w) = F(w) ( /_ ” h(())e"“’"d&)

o ]

Comparing the above with Y (w) = H (w)F(w) it is concluded that [Newland, 1995]:

Hiw) = /_ " h(B)e- g

2.3 Stress prediction model

As indicated in section 2.2 this study focuses on two main goals: the analysis of fatigue
reliability and the development of testing procedures. To achieve these goals, it is necessary
to build a model for predicting stresses. Here a model is developed using two sources of
information: the measured accelerations of the car body and bogies and the finite element
model of the car body. These are integrated into a stress transfer function, which is the

fundamental function that relates the bogie acceleration to car body stresses.

17
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2.3.1 Response characteristics

In this section the characteristics of the response of the high speed train is determined

by studying the relationship between the bogie and car body responses.

ped: Ada(V) WSS11

250

200

wheel rail sleeper

Figure 2.2: Time dependent PSD of the axle.(Time in seconds, frequency in Hz.)

2.3.1.1 Review of previous studies

On the HSR-350x, accelerometers were installed in the car body, bogies and axles. The

analysis of the recorded accelerations was documented in another study [Igusa, 2008]. In

18
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psd: Bugin(V) BM3-1
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Figure 2.3: Time dependent PSD of the bogie.(Time in seconds, frequency in Hz.)

that study, the short-term Fourier transform (STFT) was used to obtain the time-varying
Fourier transform of the response. Much of the vibration load is dependent on the velocity
of the train, and since a simple PSD will not show this velocity-dependent behavior, the
time-dependent PSD was used. The time dependent PSD of the axle bogie and car body
are shown in Figures 2.2, 2.3 and 2.4 respectively.

It is well known that vehicles with wheels such as trains have vibration loads with fre-
quencies that are proportional to the velocity. These are known as the kinematic vibration

loads. The kinematic vibrations are related to a length scale, such as the spacing of the
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psd: Body(V) TT2
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Figure 2.4: Time dependent PSD of the car body.(Time in seconds, frequency in Hz.)

sleepers or the circumference of the wheel. The fundamental frequency of the kinematic

vibration is obtained by the simple formula:

train speed

—_— 22
length scale 22)

fundamental kinematic frequency =

Therefore, for each kinematic source for vibration, there will be a length scale and a cor-
responding fundamental kinematic frequency. This means that the response due to this
kinematic source has a frequency proportional to the train speed. In the time-dependent

PSD, this response appears as a curve with the same shape as the plot of the train speed

20
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(vertical axis) with respect to time (horizontal axis). The kinematic excitations have sharp
peaks while the resonances are broad peaks. If the kinematic source such as the sleepers
causes a nearly sinusoidal response, then most of the response is at the fundamental kine-
matic frequency. If the kinematic source such as the wheels has a more irregular response,
then there will be responses at higher multiples of the fundamental kinematic frequency

due to the harmonic nature of the vibrations:

- . _ ) . train speed
higher kinematic f =X e eale 23
igher kinematic frequencies =i x . — oth scale 2.3)

“where i = 2,3, .... In Figures 2.2, 2.3 and 2.4 one can see three main sources of kinematic

vibrations:

e Sleepers: The vertical profile of the rail has peaks at the sleepers and valleys between
the sleepers. This causes a nearly sinusoidal acceleration of the axle. When the train
is traveling at approximately 300 km/hr = 83 km/s, the sleeper traveling frequency is
approximately 83 km/s / 0.6 m = 138 Hz. The response due to the sleeper is indicated
by the fairly prominent curve in Figures 2.2 and 2.3. This cufve has the same shape

as the train speed plotted versus time.

e Wheel irregularities: The wheel has irregularities and flat spots due to braking and
other routine wear. Since the response of the axle due to the rotation of the wheel
is periodic, the PSD will have responses appearing at periodic frequency intervals as
given by equation (2.3). The wheel circumference is approximately 2.9 m. At 300

km/hr, the fundamental kinematic frequency due to the wheel is given by equation
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(2.2): 83 km/s / 2.9 m = 28.6 Hz. The higher kinematic frequencies, given by equa-
tion (2.3), are 57.2, 85.9, 114.5, ... Hz. As noted earlier, all of these curves have the
same shape as the plot of train speed versus time. The effect of wheel irregularities
is unnoticeable in the bogie and car PSDs due to the low pass filtering effects of the

suspension.

e Periodic bridge irregularities: In the PSD shown in Figure 2.2, a series of closely
spaced curves can be seen. A closer examination shows that these curves are spaced
in the vertical frequency direction at approximately 3.1 Hz intervals when the train is
traveling at approximately 300 km/hr. This corresponds to a length scale of approxi-

mately 25 meters which is the spacing between bridge supports.

It is noted that the vibrations due to resonance are independent of speed and appear as
horizontal lines in the time dependent auto-PSD plots for the bogie and car body. Some
of the bogie resonances in Figure 2.3 are sharp, and correspond to low damping. Others
are broad, and correspond to moderate to high damping. For the car body PSD in Figure
2.4, most of the resonances are around 50 Hz and 75 Hz which are much fainter than the

resonances for the bogie.
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Figure 2.5: Auto-PSD of the bogie acceleration.

2.3.1.2 Response characteristics at cruising speed

Here, we determine the characteristics of the accelerations that are most relevant to the

analysis and testing of fatigue. The basic data are the time-history accelerations:

a(t) = car body acceleration

ay(t) = bogie acceleration

where we use the subscript b for bogie. In this study, we focus only on the STFT when the
HSR-350x is traveling at its cruising speed of approximately 278 km/h. This is the speed
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Figure 2.6: Auto-PSD of car body acceleration.

that the high speed train will travel for most of its duration under commercial operation.
The techniques explained in this chapter can be expanded to include variable speed data.

The STFT at cruising speed is denoted as:

A(f) = STFT of car body acceleration at cruising speed

A(f) = STFT of bogie acceleration at cruising speed

In order to get a smooth model for the frequency-dependent model for the suspension be-

tween the bogie and car body, it is necessary to use a smoothed power spectral density. So
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Figure 2.7: Cross-PSD of bogie-car body acceleration.
a frequency domain filter is performed on the absolute STFT squared of the acceleration:

'fNyquisL
See(f) = / |A(f)PHpaser(f — f)df' =  Auto-PSD of the car body
0
fNyquist
Sw(f) = / |Ap(f) 2 Hiter (f — f')df' = Auto-PSD of the bogie
0
.fNyquist
Sec(f) = / Ap(fVA(f ) Hfirrer (f — f)df’ = Cross-PSD of the bogie-car body
0

where the subscript ¢ denotes the car body. In this analysis a Gaussian filter is used:

1 2
\/(277)0-filter 20—?‘iltcr
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Figure 2.8: TF, A
where the Gaussian width of the filter is o ., = 2.5 Hz. The result for the auto-PSD of

the bogie is shown in Figure 2.5. The most prominent peaks in the PSDs are at:
e 53 Hz = first group of major resonances

e 75 Hz = second group of major resonances

e 138 Hz = sleeper frequency at cruising speed
The auto-PSD of the car body is shown in Figure 2.6. Here, the first peak at 53 Hz is
reduced as compared with the auto-PSD of the bogie. This indicates that this resonance
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may be related more to the bogie vibrations than the car body vibrations. The second peak
at 75 Hz is still high, indicating that this resonance is related to car body vibrations. The
vibrations at the sleeper frequency is significantly reduced, indicating that the suspension
is effective in attenuating this high-frequency motion. The auto-PSD of the car body also
shows a significant peak between 0 to 10 Hz. This is primarily due to the low stiffness of
the air bag suspension.

The cross-PSD is shown in Figure 2.7. This result shows a combination of effects
between the bogie and car body. This figure is somewhat difficult to interpret because of
this combination effect, but the primary purpose of the cross-PSD is to obtain the transfer
function (TF), which is explained next.

The acceleration TF from bogie to car body is in terms of the Fourier transform of bogie

and car body accelerations:

o A(f)

While the TF can be obtained directly from this ratio of Fourier transforms, the result tends

H® = A(f)

to be very irregular and noisy. A statistical estimate of the transfer function can be written
in terms of the auto-PSD of the bogie and the bogie-car body cross-PSD as explained earlier

in equation (2.1).

ra Scb(f)
o, = Sev(f)

The plot of the absolute value of the estimated TF is shown in Figure 2.8. In terms of the
structural dynamics of the bogie-car body system, the TF captures the resonance and atten-

uation effects of the suspension between the bogie and car body as well as the resonances
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of the car body. The dynamic coupling of these resonances are important, and are discussed
in subsection 2.3.2.

There are a set of major peaks in the TF and one major valley:

e (- 10 Hz = suspension resonance

20 - 26 Hz = car body resonance

e 40 - 58 Hz = resonances associated primarily with the bogie

e 67 - 77 Hz = resonances associated primarily with the car body

87, 98, 109, 128 Hz = additional resonances

140 - 170 Hz = attenuation due to suspension

The resonances described above were also identified in the STFT analysis in the previous
studies on high speed train response characteristics [Igusa, 2008]. The magnitude of the
responses is in agreement with an earlier study on the ride comfort of the HST [Y. G. Kim
et al., 2008]. The attenuation is important because the frequency range covers the sleeper
frequency at cruising speed. This explains the lack of a sleeper frequency peak in the

auto-PSD of the car body in Figure 2.6.

2.3.2 Analytical forms for the transfer functions

In this section the properties of the suspension between the bogie and car body is de-
termined. To perform this analysis, it is necessary to define several TFs. The analytical
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formulations for the TFs are in terms of the dynamic properties of the suspension and the

car body dynamic properties.

2.3.2.1 System dynamic properties

The suspension is described by its stiffness. The car body is described by the modal

properties:

di(z) . 4" mode shape, as a function of location
fi 4" natural frequency
13 damping ratio

It is assumed that the modal masses are unity so that the units for the mode shapes are
1/4/mass . To obtain relatively smooth acceleration and stress transfer functions, a damp-
ing value of £ = 10% was used in the analysis.

To begin the analysis, it is necessary to assign a temporary stiffness value kg to the
suspension so that FEM can be used to obtain the mode shapes. First the bogie is fixed
when deriving the mode shapes. Later, this temporary constant stiffness is replaced with a
frequency dependent stiffness k(f) which more accurately models the behavior observed
in the measured data.

For the HSR-350x car body, a 109,857 node 138,623 element NASTRAN FEM model
shown in Figure 2.9 is used [Park, 2004]. This NASTRAN model was translated to

ABAQUS 6.7 {Abaqus documentation, 2007] using the NASTRAN-to-ABAQUS trans-
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Figure 2.9: Finite element model of the car body
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lation utility. Since this model was only for the car body, vertical springs were used at each
bogie connection as shown in Figure 2.10. The initial temporary stiffness ko was assigned
at these supports such that the fundamental mode (assuming the car body is a rigid mass at
low frequencies) is 1 Hz. A modal analysis is performed to determine the natural frequen-
cies and mode shapes of the body. Figure 2.10 only shows half of the car since symmetry
can be used to represent the motion of the other half of the car.

As expected, the first three natural frequencies of the system are close to 1 Hz. In these
modes, the car body is moving almost as a rigid body with nearly all of the strain energy
localized at the two support springs. The next two natural frequencies are at 11.35 and
11.73 Hz. The mode shapes show highly localized deformation at the two ends of the car
body. This is illustrated in Figure 2.11 for mode shape 4. The properties of the first set of
modes are shown in Table 2.1 and Figures 2.11 — 2.16.

In the modal analysis, 110 modes were computed, with natural frequencies up to 200

~1/2

Hz. It is noted that the units of the mode shapes is ton since metric tons are used in the

FEM model.

2.3.2.2 Derivation of TFs

In this section the transfer functions (TFs) are derived. These TFs are needed later for

fatigue stress analysis. We introduce the following notation:

e A, A,, Ay : acceleration at the car body, support above the suspension, and bogie

e D, D, : displacement at the support above the suspension and bogie
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Table 2.1: Description of modes

mode number | frequency | description

4 11.35 local mode near door

5 11.73 local mode far from door
6 21.12 global mode

7 23.94 global mode

8 26.65 global mode

9 33.50 global mode

10 38.53 global mode

Table 2.2: Description of transfer functions

TF

unit input

acceleration output

suspension

Hip(x)
Hi\(z)

Hj, ()

Hj, (z)

force at the support

force at the support

acceleration at the support

acceleration at the bogie

car body, location z
car body, location z
car body, location z

car body, location z

stiffness kg

no stiffness

stiffness k&
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Figure 2.10: FEM model and support configuration for determining modal properties.

e [ : force at the support

e 1z : location on car body for determining the acceleration

e 1, : support location on the car body

The locations of the accelerations are shown in Figure 2.17. The force F is positive if the
support spring is in compression so that it is in the upward direction when acting on the car

body. Using this notation, the TFs of interest are summarized Table 2.2.
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local deformation

Figure 2.11: Mode shape 4 (11.35 Hz) illustrating a local displacement pattern.

It is also noted that in the frequency domain the relation between the displacement and

acceleration is as follows:

where w = 27 f is the circular frequency. -
The fundamental TF is between the support force F' and car body acceleration A. This

TF can be computed directly from the finite element model using the mode shapes ¢;(x)
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“preathing” mode *
deformation

Figure 2.12: Mode shape 6 (21.12 Hz) illustrating a simple breathing mode displacement

pattern.

and natural frequencies f; :

¢j (LE)¢] (585)

Ay A
Hp(z) =5 =~f ;f]?_fi’_{-%{fjf (24)

The unit is 1/mass, which for the FEM model is 1/fon. In the above expression it can
be seen that the denominator becomes small when the excitation frequency f approaches
a natural frequency f; of the system. Hence, in typical TFs, there are well-defined peaks

at each natural frequency. For the HSR-350x, however, there are a very large number of
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more complex
“breathing” mode
deformation

Figure 2.13: Mode shape 7 (23.94 Hz) illustrating a more complex breathing mode dis-

placement pattern.

modes at very closely spaced natural frequencies.

In Figure 2.18(a) the fundamental TF for support motion at both ends of the car body
is plotted. The natural frequencies are shown as circles at the horizontal axis of Figure
2.18. There will not be a peak at each natural frequency because for most of the modes
J , either ¢;(z) or ¢;(z,) is small. To show this, the amplitudes ¢;(x,) and ¢;(z) of the
mode shapes is shown at the support (near the door) and in the middle of the car body

floor in Figures 2.18(b) and (c). It can be seen that only a small subset of the modes have
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Figure 2.14: Mode shape 8 (26.65 Hz) global mode

significantly non-zero mode shapes at these two locations. In Figure 2.18(d) we show the
product of mode shapes, ¢;(x)¢;(z;), which appears in the numerator of equation (2.4).
At low frequencies, below 50 Hz, it can be seen that when this product is large, there
will be a peak at the TF as shown by comparing Figures 2.18(a) and (d) in this frequency
range. At higher frequencies, some of the modes with closely spaced natural frequencies
have a product of mode shapes with fluctuating signs. Such fluctuating signs leads to a
cancelation effect in equation (2.4). This can be seen by comparing Figures 2.18(a) and (d)

in the frequency range of approximately 60 to 90 Hz, where the product of mode shapes is
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Figure 2.15: Mode shape 9 (33.50 Hz) global mode

small and fluctuating above and below zero and in the frequency range of 175 to 190 Hz
where the product of mode shapes is sometimes relatively large, but the sign is fluctuating.
From this fundamental TF for support force F' to car body acceleration A, one can

construct the TF /{ j\‘s(:u) between support acceleration A, and A

A AJF  Hi(z)
A AJF  Hi(x)

Hj) = (2.5)

This non-dimensional TF is shown in Figure 2.19 for the right bogie near the door. The

large peak slightly below 25 Hz corresponds to the seventh mode shape with natural fre-
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Figure 2.16: Mode shape 10 (38.53 Hz) global mode

quency of 23.94 Hz shown in Figure 2.13. There are other groups of resonances that con-
tribute to peaks near 110 and 150 Hz.

One can also construct the TF H/!(x) between the support force F and car body accel-
eration A when the support stiffness g is removed. The following relationship can be used

between the forces with and without the support stiffness:

force with no support stiffness = (force with support stiffness ko) — (displacement x ko)

= F — Dsko = F + 35k
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Then the TF HZ (z) is

HA = A A ___Hilw)
F™ force with no support stiffness  F + f}gko 1+ w—gi‘F— 1+ %H 2 (zs)

ol

In obtaining the mode shapes, it was assumed that the bogies are fixed. In this stage of the
analysis, the TFs are reexamined without this assumption, where bogie motion is allowed
at one end. The other bogie is fixed with the spring support of stiffness ko as shown in
Figure 2.17. (Later, superposition is readily applied to consider simultaneous motion at
both bogies.) The goal is to find the acceleration A of the car body due to acceleration
Ay at the moving bogie. First, the force F' in the suspension is obtained in terms of the

accelerations A and A; at the bogie and suspension:

Ay, — A

2

F=k(D,— D) =k

—w
The ratio of the bogie and car body accelerations is the TF 1 ’Af‘b = A/A. One can rewrite

the car body acceleration A in terms of the bogie acceleration A, by using the preceding

expression for the force:

H () kAb — As

A=HAF = ,
F 1+ B AL (2) —w?

Next, the TF H ,‘23 in equation (2.5) is used to rewrite the support acceleration A, in terms

of the car acceleration A:

—‘_I,f,z H}[«ﬂl (z) A
= T ko AN b ™ Har.y
1+ 5 18 (as Hp ()
w2 F ( ) j—HF(Z‘s)
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The terms in this equation can be rearranged to combine the coefficients of A :

3 v, 3 kg—k
All+ Ay H}(2) 1 —Al1+ Ay H(zs) _ 1+%2—kH-P‘3(ws)
k A - 13 - &,
14+ -9 HA(xs) Hp(®) 1+ H (zs) 1+ =3 HA(xs)
w2 RS m w F w F
ey HR(w)
e v A

S HA @) P
Now the desired TF H j}b of the bogie to car body accelerations can be determined by

rewriting the preceding equation in terms of the ratio A/A; as:

e A EHA® k@ 06
Ab Ayp 1+ kz;kHé (.Z‘s) —w? + (k — ko) Hﬁ (ms) .

2.3.2.3 Frequency-dependent support stiffness

As explained in the preceding section, from the measured data, one can derive an esti-
mate for the TF H j}b as shown in Figure 2.8. One can use this TF to estimate the suspension

stiffness k& by rewriting equation (2.6) and solving for k:

_ Hﬁb [H{} (xs) ko + w2]

k=
Hj, Hi (z5) — Hy (2)

2.7

The result is a frequency-dependent stiffness that is in terms of the TF H j;‘b from the mea-
sured data and the TF H{(z) from the finite element model. Since the analysis is in the
frequency domain, damping is included by the imaginary part of the stiffness . Basically,

the damping is equal to the imaginary part of &k divided by the circular frequency w:

Im(K)

w

C =
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bogie motion near the door

. - A, support

| . o . r I v t motion

k, A car.body CL *
motion support stiffness:

k, for modal analysis t 4, bogie
k for stress analysis motion

bogie motion away from the door

Ag support

motion t T S t . TR L
‘ A car body e k,
motion

Ay bogie
motion

Figure 2.17: Schematic figure showing the principal vibration motion of the system for

bogie motion near the door and bogie motion away from the door.

The absolute value of this stiffness is shown in Figure 2.20. In this figure, the frequency-

dependent stiffness is shown when the bogie motions are at the left or right end of the

car body. It can be seen that both results are similar. It is noted that the stiffness kp was

only used in the finite element model. The above estimate for the suspension stiffness is

independent of the stiffness ko.

A simple two-parameter model for the stiffness has been determined by KRRI re-
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searchers from a separate analysis of the bogie suspension, with parameters

N-—s

\
ktwo—parameter =245.1— + 421w (28)
min

The absolute value of this result is also shown in Figure 2.20 in red. It can be seen that
the two-parameter result is significantly larger than the results obtained using the combi-
nation of car body FEM analysis and car body and bogie acceleration measurements. To
further describe this difference of results, the TF for accelerations A, and A at the bogie
and car body is computed by substituting the two parameter stiffness model and the FEM
model into equation (2.6). The result is shown in Figure 2.21. As expected from the pre-
ceding comments, this TF is significantly larger than the same TF obtained purely from
experimental measurements shown in Figure 2.8. It is not immediately clear why there is a

difference between the two results.

2.3.3 Car body stress transfer function

The TF in the preceding section is only used to find the relationships between forces and
accelerations. Displacements can be obtained simply by dividing the accelerations by —w?.
The primary interest, however, is not on accelerations and displacements but on stresses.

The stress TF gives the ratio of the input, which can be a force or acceleration, and the

response, which is the stress inside the car body. For linear systems, if the displacement

field D at every point of the car body is known, the stresses o;; can be obtained using the
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relation:

Uz’j = BZ]])

where B;; is a matrix typically computed internally by finite element software. Therefore,

if the acceleration transfer functions such as H ﬁb are evaluated at every point z of the car

body, then dividing by —w?, and putting the results in vector form D and multiplying by

B;; one can get the stresses o;;.

In practice, however, it is simpler to decouple, as much as possible, the FEM analysis

of stresses and the evaluation of the TF. This is possible using the TF forms derived in the

preceding section. Basically, the FEM model is used to get the stress TF from the support

force F to the car body stresses o;;. Then the preceding relations are used to extend this TF

to obtain the stresses in terms of unit bogie accelerations. Different stress transfer functions

of interest are defined as follows:

TF unit input stress output suspension
Hg(x) | force at the support car body, location z | stiffness kg
H3,(x) | acceleration at the bogie | car body, location = | stiffness &

The same derivation as the one in the preceding section 2.3.2.2 can be followed up to

equation (2.6). It can be seen that the only difference is in replacing H#(x) by Hg(z) in

the numerator of that equation. Thus, the final result for the stress transfer function for

acceleration at the bogie is

H3, (z) =

kHE (z)

—w? + (k — ko) Hp (zs)
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Then, using standard relations in the theory of stochastic processes (or random vibrations),
one can use the above to get the auto-PSD of the stress S, in terms of the auto-PSD of the

bogie acceleration Sp:

Seo (f) = |H3, (z) “Sow (/) (2.10)

Here, Sy, is obtained from measured data, as shown in Figure 2.5, and the stress TF is
obtained using FEM analysis and equation (2.9).

Next, the results for the stress TF for the HSR-350x is illustrated. The fundamental
stress TF HZ from support force F' to car body stress ¢;; is obtained by running ABAQUS
repeatedly using a unit amplitude support force F' = sin(27 f¢) at a set of harmonic fre-
quencies f ranging from 1 to 145 Hz. More densely spaced frequencies are used at fre-
quency ranges where the auto-PSD of the car body response was large.

The stress pattern for the longitudinal stress oy, at the sleeper frequency of 138 Hz
is shown in Figure 2.22. This is the stress TF Hg(x) evaluated at a single frequency but
for x at all locations of the car body. The results shown in the figure is a typical stress
pattern at high frequencies. There are significant deformations and high stresses at the end
of the car body near the vibrating bogie support. There are also high stresses at the corners
of the windows and around the perimeter of the door. This is due to the expected stress
concentrations occurring near openings which is analyzed in depth in chapter 4. The stress
patterns at other frequencies are examined in more detail in section 2.3.4. Since the stress
092 (normal stress in the vertical direction in the sides of the car body) often has the highest
value, especially around the openings, for most of the studies in this chapter, the focus is on
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this stress. This however is subject to change if one notices significant differences between
092 and the maximum principal stress.

In Figure 2.23, the stress TF H% () is examined at a single point and for a wide range
of frequencies. As indicated in the figure, the stress o9, is evaluated at the corner of the
window closest to the door. The horizontal axis shows the frequencies between 1 and
145 Hz where HE(x) was evaluated. The peak of the stress TF is near 25 Hz, which
corresponds to the seventh mode shape shown in Figure 2.13. The other lower peaks in
the stress TF correspond to other groups of modes. In section 2.3.4 the stress patterns at
different frequencies and modes are examined in more detail.

To compute the stress TF HY, (x) for acceleration at the bogie, there is no need to re-
run the FEM model in ABAQUS. Instead, it is only necessary to combine the fundamental
stress TF HE(x) such as that shown in Figure 2.23 with the simple analytical formula in
equation (2.9). The resulting stress TF is shown in Figures 2.24 and 2.25 for the frequency-
dependent and two-parameter support stiffnesses. The plot in Figure 2.25 looks similar to
the fundamental stress TF in Figure 2.23 with attenuation at higher frequencies. The atten-
uation is due to the fact that the support damping dissipates more energy at higher frequen-
cies. The plot in Figure 2.24 has more peaks. These peaks are located at approximately the
same frequencies as the peaks of the frequency-dependent stiffness in Figure 2.20. Another
major difference between the stress TFs in Figures 2.24 and 2.25 is that the result using the
two-parameter stiffness is about an order of magnitude larger at frequencies below 30 Hz.

This is because the two-parameter model is stiffer than the frequency-dependent model by
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an order of magnitude in this low frequency range.

The auto-PSD of the stress, computed using equation (2.10), is examined next. Figures
2.26 and 2.27 are the auto-PSDs of the stress determined using the frequency-dependent
and two-parameter support stiffnesses. The difference that was observed in the order of
magnitude of the stress TFs is magnified in the auto-PSDs because the stress TFs are

squared in equation (2.10).

2.3.4 Stress patterns

In this section the spatial patterns of stress in the car body are studied in the frequency
domain. The focus is on the stress patterns resulting from harmonic forces at the supports

and on the patterns associated with each mode of vibration.

2.3.4.1 Harmonic stress patterns

Figures 2.28-2.30 show the stress patterns resulting from harmonic support forces at
53, 63 and 74.5 Hz. The lower and higher frequencies are chosen because they correspond
to peaks in the stress TF in Figure 2.24. The middle frequency is chosen because it is close
to a natural frequency of a mode with significant local deformation. The stress patterns at
all three frequencies are similar, with large stresses and deformation at the end of the car
close to the harmonic force, wave deformation and associated stresses along the roof and
floor and concentrated wall stresses around the edges of the windows and doors. These

wall stresses increase at locations closer to the harmonic force.
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Comparing the plots in Figures 2.28-2.30 with the plot in Figure 2.22 for the much
higher sleeper frequency of 138 Hz, one can also see a similar pattern. The most important
difference between the sleeper frequency and lower frequency results is in the number of
waves that can be seen in the roof and the floor. As expected, at higher frequencies, there
are nearly twice as many waves: there are about 9-10 half waves in Figure 2.22 at the
sleeper frequency as compared with approximately 4-5 half waves in Figures 2.28-2.30 at
frequencies between 53-74.5 Hz. (Note that only the absolute value of the displacement is
plotted in these figures, so a sinusoidal displacement pattern is plotted as a series of positive

half-sine waves.)

2.3.4.2 Modal stress patterns

Next, the stress patterns for modes with natural frequencies are examined. These modes
are in the neighborhood of the excitations frequencies used in Figures 2.22, 2.28-2.30. The
results are shown in Figures 2.31-2.34 with natural frequencies at 49, 54, 62, 73, 75, 81,
136, and 139 Hz.

It can be seen that the modes fall into two groups: local deformation (62 and 81 Hz)
and global deformation (remaining modes). For the local deformation cases, there are de-
formation primarily in the end closest to the door at 62 Hz and there are large deformations
at both ends at 81 Hz. The stress pattern for the mode at 61 Hz in Figure 2.32 (left) is found
in all three harmonic stress results in Figures 2.28-2.30. This is because in the harmonic

response calculations of systems with many closely spaced natural frequencies, each har-
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monic load will excite a large number of modes. In this case, the harmonic loads at 53, 63,
and 74.5 Hz all excited by a large number of modes around these frequencies, including
the mode at 62 Hz.

From the above table and in the figures, it can be seen that most of the modes create
global stress patterns with well-defined waves. This can explain the wave-like response
patterns at the floor and roof for the harmonic stress patterns. There is, however, one very
important stress pattern characteristic which cannot be easily explained by the modal stress
patterns: The modal stress patterns have relatively smooth and low stresses around the
window and door openings. This is in sharp contrast with the harmonic stress patterns
which always have very localized stress concentrations around these openings, particularly
at the corners. In theory, the harmonic stress patterns are a weighted combination of modal
stress patterns. It is not obvious how a weighted combination of smooth modal patterns
as shown in Figures 2.31-2.34 can produce the concentrated harmonic stress patterns in
Figures 2.22, 2.28-2.30. This behavior is important and suggests that modes cannot be

easily used to describe stress response patterns.
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TF (1/ton)

IO

14091

HO(xg)

L 1 L 1
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frequency

Figure 2.18: (a) Fundamental TFs for force at the support to acceleration at the car body.
Force locations: (dashed) support at left end away from the door, (solid) support at right
end near the door. (b) Absolute value of the mode shape at the support. (c) Absolute value

of the mode shape at the car body. (d) Product of mode shapes.
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Figure 2.19: Acceleration TF from support to car body (support at right end near the door).
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stiffness (N/mm)

R 1

S
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frequency (Hz)

Figure 2.20: Frequency dependent stiffnesses. Model estimate from (solid) right bogie

motion near the door and (dashed) left bogie motion away from the door. Simple two-

parameter model (red).
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Figure 2.21: TF of bogie to car body accelerations using the two-parameter support stiff-

ness model and the FEM model for the car body.
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Figure 2.22: Stress pattern for the transfer function for the longitudinal stress 11 at the

sleeper frequency 138 Hz.
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Figure 2.23: Stress transfer function for unit force at the support and stress 22 at the window

corner as indicated in the diagram.
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location of stress response
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Figure 2.24: Stress transfer function for a unit acceleration at the bogie and stress at the

window corner using the frequency-dependent suspension stiffness.
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Figure 2.25: Stress transfer function for unit acceleration at the bogie and stress at the

window corner using the two-parameter suspension stiffness.
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Figure 2.26: Stress PSD at the window corner using the frequency-dependent suspension

stiffness.
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Figure 2.27: Stress PSD at the window corner using the two-parameter suspension stiffness.
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Figure 2.28: Stress pattern for a unit 53 Hz harmonic load at the bogie support.
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Figure 2.29: Stress pattern for a unit 63 Hz harmonic load at the bogie support.
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Figure 2.30: Stress pattern for a unit 74.5 Hz harmonic load at the bogie support.

62



CHAPTER 2.

5, 511
SHEG, (fraction = 1.0}
(g 255

Figure 2.31: Stress patterns for the 49 and 54 Hz mode shapes.
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Figure 2.32: Stress patterns for the 62 and 73 Hz mode shapes.
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Figure 2.33: Stress patterns for the 75 and 81 Hz mode shapes.
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Figure 2.34: Stress patterns for the 136 and 139 Hz mode shapes.
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Chapter 3

Fatigue reliability analysis of passenger

cars in high speed trains

As indicated, the two goals of this study are to perform a fatigue reliability analysis of
passenger car bodies and to propose fatigue test loading procedures. The characteristics of
the response as studied in the previous chapter is used here to achieve these goals.

This chapter begins with a brief review of fatigue analysis. Next, the stress transfer
function of the preceding chapter is used to develop a method for fatigue reliability analysis
of the car body. The last part of this chapter focuses on possible test load configurations
that would reproduce, as closely as possible, the types of stress patterns that are anticipated
due to actual operational loads. Both static and dynamic test configurations are considered
and a least-squares technique is used to determine the magnitude, direction and phase of

the test loads.
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3.1 Background

Structures under repeated loads below the allowable load can develop cracks. Due
to cyclic loading, these cracks can continue to grow and propagate, leading to potential
structural failure. Therefore structures under cyclic loads are often designed for fatigue
type failure. While there are several methods.forfatigue design of structures, all of them
require similar information. This information include: location of fatigue failure, frequency
spectrum of the load, stresses or strains due to the load in selected critical locations, and
the temperature and corrosive nature of the environment. The fatigue reliability predictions

are made using one of the following methodologies:

e S-N curves or stress life

hot spot stresses

strain life

fracture mechanics

These methods are briefly reviewed in the following section.

3.1.1 S-N

Fatigue data is usually presented in form of S-N (Woéhler) curves. An example is shown

in Figure 3.1. This plot shows the total cycles to failure /V as a function of alternating stress

68



CHAPTER 3.

4 5 6 7 8
10 10 10 10 10

N-number of cycles to failure

Figure 3.1: Typical shape for the S-N curve.

o,. Typically, the S-N curve is a linear function in log-log space, which can be expressed

analytically as:

No™ = A 3.1

Here m is the slope of the line in Figure 3.1 and A is a constant defining the intersection of
the S-N curve at the stress axes. Allowable stresses for design are obtained by 95 percent
confidence of 97.5 percent survival. There are two approaches for designing using the S-N

curves: infinite life and safe life. Safe life designs are more common since it is economical
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to design a structure for a finite life time rather than an infinite one.

3.1.1.1 Safe life design

In this approach the allowable stress is chosen such that failure occurs at a selected
lifetime. It is noted that a safety factor must be considered for the stress, lifetime or both.
The S-N curves can be used directly for loads with constant amplitudes while for varying
amplitude loads cumulative failure loads such as Miner-Palmgren’s law must be exploited.

This method is explained in more detail in subsection 3.2.1.1.

3.1.1.2 Infinite life design

The experiments performed on loads with constant amplitude show that there exists
an endurance limit below which there is no fatigue failure. This is shown as a horizontal
line in the right part of Figure 3.1. The infinite life approach designs the components such
that the stresses are below the endurance limit. This design approach is not appropriate for
structures which are under occasional large stresses, and is usually used for the rotating
components of machinery which are subjected to a large number of cycles of loads with

similar magnitude.

3.1.2 Hot Spot

Hot spot stress is a type of stress concentration factor used in the design of welded
structures. The hot spot stress represents a local stress increased by the geometry of the
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joint. Two inputs are needed for the hot-spot stress analysis method: (1) the appropriate
stress and (2) a fatigue curve for the welded construction to predict fatigue life. Hot spot
stresses can be determined using measurements or by performing finite element analysis of
the structure with consideration of selecting appropriate measurement locations and suffi-

ciently fine meshes.

3.1.3 Strain-Life

This method is an appropriate approach in studying the low cycle fatigue and when the
local strains are considerably higher than the yield strains. This method is commonly used
in fatigue of notched components under cyclic load where the behavior of the root of the
notch is considered by its strain. In this method, it is assumed that there is no crack in the
component except at the highly strained region of the notch where the crack starts because
of the high local strain due to the external load. The behavior of the material under high
stress is evaluated by performing the experiment on a small polished unnotched specimen
under constant amplitude fully reversed cycles. The material behavior is then represented
in the form of a strain - life curve which accounts for both elastic and plastic strains.

The component of the local strains needs to be determined at the high strained regions
and be compared to its associated value on the fatigue curve to obtain the number of cycles
to failure. The strains are usually determined by measurements or finite element analysis.
Since inelastic strains are needed, a nonlinear finite element analysis must be performed

and the cyclic material properties must be used.
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3.1.4 Fracture mechanics

This method assumes the presence of an initial flaw which propagates under cyclic
loads to a size that causes failure of the component. Final fracture occurs when either
the toughness of the material is exceeded or the remaining ligament yields [Anderson,
1994]. While this method is more complicated than the above approaches, it provides more
information about the life of the material under discontinuity and load carrying capacity of

the structure.

3.1.5 Selection of methods

The method for life prediction is usually selected based on the requirements of design
codes and specifications for the particular component or structure. However, if there is no
requirement, the S-N approach is the easiest method to apply and is usually considered
for most preliminary designs. In the S-N method only nominal stresses are needed which
are easy to find, while other techniques require information which needs more advanced
analysis and increases the time and cost of the procedure.

Sometimes it is necessary to use more advanced methods to improve the accuracy of the
prediction. The hot-spot stress method is useful since the high local stress due to geometry
are calculated. If the rate of growth of the crack and residual stresses are important, fracture
mechanics must be employed which is more complicated and expensive but provides more

accurate and detailed information. For low-cycle fatigue, where the strains are large, the
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strain-life is appropriate.

3.1.6 Loads and Stresses

As mentioned in section 3.1 one of the basic pieces of information needed for fatigue
life prediction is the loading or stresses applied on the structure or component. In many
cases the loads applied on the structure are random, and even if the cyclic loads are identi-
cal, the local stresses may vary due to changes in the details of the component. Therefore a
load spectrum may be needed for such loads.

With the development of advanced testing facilities, variable amplitude loads can be
applied to provide a more realistic estimate of the behavior of structures under realistic
load conditions. The variable amplitude load spectra is used for a variety of different ap-
plications such as in the design of aircraft, mechanical equipment and automotive parts.
The order of loads in a spectrum can also affect the fatigue life, but since many structures
are subjected to random loads, the order in the sequence of loads is not important in the
analysis of such loads. To specify a variable amplitude load for design, the number of
cycles at each load and the magnitude of their ranges and in some cases a non-zero mean
load must be specified. Therefore a cycle-counting technique must be used to determine
the above information. Specifications are typically used to determine the loads, stresses or
strains required for fatigue analysis, and standardized load spectra. For railroad cars, load
spectra, including the number of cycles and magnitude of the loads are typically used in

specifications. The Association for American Railroads (AAR) [Americal Association of
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Railroads, 1986] provides a list of components that needs to be analyzed for fatigue and
suggests the crack initiation locations for typical details. It also provides the load spectra
for different components of several types of standard car bodies [M. L. Sharp et al., 1996,

R. L. Stephens et al., 2001].

3.2 Fatigue reliability analysis of passenger car

In this section the reliability of the car body is estimated using the concept of the stress
TF. In section 2.3.3, the stress transfer function was estimated using the acceleration mea-
sured on the car body and bogie and the results of finite element analyses. In this section,
this stress transfer function is used to predict the fatigue stresses. The fatigue stresses in

the car body are then used to assess the fatigue reliability.

3.2.1 Fatigue stress

The stress TF HY, () is used for generating stress time histories of fluctuating stress
versus time. Stress time histories are important in fatigue analysis, particularly for stress
evaluation algorithms such as the rainflow counting procedure that is discussed later in this
section. To obtain a stress time history, one can simply take the Fourier transform of the
measured bogie acceleration, Ay, multiply by the stress TF Hg () in equation (2.9) to get

the Fourier transform of the stress, o(f), then take the inverse Fourier transform to obtain
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stress o,, (MPa)
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Figure 3.2: Simulated stress time history at the window corner due to recorded bogie mo-

tion.

the stress in the time domain:

o(f) = Hj, A

o(t) =IFFT (o(f))

An illustration of the stress time history is shown in Figure 3.2. This is the stress at
the corner of one of the windows resulting from bogie accelerations at both ends. The

result indicates that the stress time history is very irregular and random in nature. Figure
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Figure 3.3: Simulated stress time history, enlarged time scale.

3.3 shows the same stress time history, magnified for a short duration in time. Here it can
be seen that the stress time history has a high-frequency fluctuation of approximately 70
Hz with varying amplitude. This high frequency response is superimposed on top of a
lower frequency fluctuation of approximately 7 Hz. These two predominant frequencies
are in agreement with the auto-PSD in Figure 2.26: The peaks at 50 and 73 Hz in the PSD
combine to produce a high-frequency fluctuation at a frequency between 50 and 73 Hz

with time-varying amplitude and the relatively wide peak at 7 Hz corresponds to the low
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frequency fluctuation.

Later in this section it is shown how the time history of stress at different locations

of the car body can be used to perform fatigue analysis and to compute a fatigue damage

index.

3.2.1.1 Fatigue stress life analysis review:

Ao = O-max - O-min - a

Stress, ¢

Figure 3.4: Fatigue parameter definitions.
In this section a brief review of the fatigue analysis procedure is provided. The fatigue
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parameters illustrated in Figure 3.4 are:

Om mean value of a stress cycle
O min maximum value of a stress cycle
Omaz minimum value of a stress cycle

AC = Omaz — Omin  range of a stress cycle
0, = F amplitude of a stress cycle

R = Zmin ratio of maximum to minimum stresses

An example of the S-N curve showing the total cycles to failure N as a function of
alternating stress o, is presented in Figure 3.1. The standard S-N curve is always evaluated
with zero mean stress, o,, = 0. This corresponds to the stress ratio R = —1. For different
components of structures, however, the mean stress affects fatigue life. For instance, under
cyclic loading only the tensile stresses cause the crack to propagate. Therefore, an increase
in the mean stress results in shorter fatigue lifetime. To account for non-zero mean stress,
a Goodman modification is used which provides a method to combine constant-amplitude
S-N curves with different stress ratios. To incorporate non-zero mean stresses, a modified

S-N curve formulation can be written as:

No™ = Ag (1 - U—’") (3.2)

Uu
where o, is the ultimate tensile stress at failure and NV is the total number of stress cycles at

failure. For the aluminum welds used in the HSR-350x, the three parameters used to define
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the modified S-N curve are

A0 = 6.58¢'3 M Pa
m = 4.32

o, = 247 MPa

3.2.2 Rainflow counting

When using variable amplitude loads, the number of cycles at each stress level and
in some cases the mean stress level must be known for fatigue analysis methods men-
tioned above. Cycle counting is not obvious for loads with variable amplitudes [Tucker,
1982]. There are different types of cycle counting techniques suggested by the ASTM stan-
dard such as level-crossing counting, peak counting, simple-range counting and rainflow
counting. Unfortunately, these various methods of cycle counting produce different results.
Rainflow counting is shown to be accurate for most cases and is used herein [M. L. Sharp
et al., 1996].

The term rainflow refers to the concept of rain falling from the time history plot when
the time axis is vertically oriented so that it can be visualized as a series of pagoda roofs.
A simple schematic showing such a vertically oriented time history and simulated rain is
shown in Figure 3.5 and is explained as follows: The positive tips are called peaks and the

negative ones are called valleys. First, the time history is rearranged such that it starts and
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Figure 3.5: Example of rainflow counting (after M. L. Sharp et al. [1996])

ends with the highest absolute value of stress in the time history block. This rearrangement
makes all half cycles of a specific stress range pair to another half cycle with that range to
make a full cycle. A half cycle starts at the beginning of location of start of rainflow. The

half cycle ends when one of the following occur:
e Flow reaches the end of the signal.
e Starting at a peak, flow reaches a more positive peak than it is started.

o Starting at a valley, flow reaches a more negative valley than it is started.
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e It reaches to a rainflow from a roof above.

An example illustrating each of the above steps in rainflow counting is shown in the left
side of Figure 3.5. The right figure is a histogram showing the number of cycles at each

stress range A¢ [M. L. Sharp et al., 1996].

_4 location of stress response

25 .~

)
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A
\

Juy
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-
o

number of cycles

0.03

Figure 3.6: Rainflow counting matrix of stress amplitudes (MPa) and mean values for the

stress (MPa) at the window corner location.

The rainflow counting algorithm was used to analyze the stress time history in Figure

3.2. There were a total of 2850 cycles. Figure 3.6 shows the rainflow counting matrix,
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Figure 3.7: Histograms of alternating stress amplitudes (MPa) and mean values for the

stress (MPa) at the window corner.

which is the joint histogram of the raw data:

hrainfiow(0a; 0m) = number of cycles with stress amplitude o, and mean stress o,,

This joint histogram has a standard shape showing a nearly Gaussian histogram for the
mean stress o, at nearly zero stress amplitude, a Rayleigh histogram for the stress am-
plitude at nearly zero mean stress, and some 3D structure at low mean stress and stress

amplitude. Figure 3.7 shows the rainflow marginal histograms of alternative and mean
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r

number of cycles

Figure 3.8: Rainflow counting matrix of stress amplitudes (MPa) and mean values for the

stress (MPa) at the door comer location.

stress:

Rrainfiow(0a) = Z Rrainfiow(0a, 0m) = number of cycles with stress amplitude o,
all values of o,

Rrainfiow(Om) = Z Prginfiow(0a, 0m) = number of cycles with mean stress o,

all values of o,

These histograms have the Rayleigh and Gaussian shapes, as mentioned above.
The rainflow matrix and histograms for another location at the door corner are shown

in Figures 3.8 and 3.9. In this case there were 3228 cycles. The Gaussian and Rayleigh
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Figure 3.9: Histograms of alternating stress amplitudes (MPa) and mean values for the

stress (MPa) at the door corner.

shapes in the joint histograms are even more clear than in the previous example in Figure

3.6.

3.2.3 Damage indices

When loading produces more than one stress level, damage accumulation laws must be

used. The damage indicators are usually taken as zero in the initial state. They are mono-
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tonically non-decreasing functions of time until failure. Their value at failure is usually
one [M. L. Sharp et al., 1996]. One of the most widely used damage accumulation rules
is called the Palmgren-Miner linear damage rule. This rule indicates that failure occurs
when the summation of the ratio of number of cycles of load in a stress level to number of
cycles to failure due to the same stress level equals to one. It is very simple, and produces
generally good estimates. Here, two ways to evaluate this damage rule is presented. The
first is based on a discretized form of the probability distribution of stresses, represented by
histograms such as those shown in Figures 3.6-3.9. The second approach uses a continuous

form of the probability distributions. Both approaches are used herein.

3.2.3.1 Discretized analysis

The damage index D in the Palmgren-Miner rule is defined as:

n.
D= — 33
2 o
with failure occurring when D = 1. In the above, 7 is index corresponding to an alternating
stress range, 12; is number of cycles in the i stress range and V; is the number of cycles to

failure at the i*" stress range. This can be rewritten in terms of the histograms /(o) of the

stress amplitudes shown in Figures 3.7 and 3.9:

tieime h ai
p o lifet (7a)

(3.4)

tmeasurement i jVi
where tj; fetime is the lifetime service or lifetime of the system and ¢,,cqsurement 18 the dura-
tion of the measurements.
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Figure 3.10: Locations of high stress responses for detailed study.

The damage index rule can be generalized to include the mean stress:

AO tmea,surement . :
g J

CINE
tie ime [O’a ] i 1
p = —lifetime ZZ mh (O'((l);Uy(rjz))

Ty

where j is the index corresponding to the mean stress o, and h(o,, 0y,) is the joint his-
togram of number of stress cycles at o, and o,.

The rainflow histogram shown in Figures 3.6 and 3.8 can be used for the above his-
togram by the modification of adding the mean stress due to static load (gravity load for
the HSR-350x car body). In the analysis we used {;;fctime = 10° seconds.
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To illustrate this damage index, the stress time histories were computed at eight loca-
tions of the car body. These locations, indicated in Figure 3.10, are at the corners of the
windows and door and correspond to the most highly stressed regions of the car body for
many of the harmonic frequency loads. The stress time history in Figures 3.2 and 3.3 and
the rainflow joint and marginal histograms shown in Figures 3.6 and 3.7 correspond to lo-
cation 5. The rainflow histograms shown in Figures 3.8 and 3.9 correspond to location 2.
The results for the damage index for all eight locations are summarized in Figure 3.11.

Figure 3.11(a) shows the damage indices considering the frequency-dependent support
stiffness. The locations with the highest damage indices are at the top corners of the door.
This is not surprising because the door is the largest opening in the car body and is relatively
close to the support. The other two locations with the next highest damage indices are at
two corners of the window closest to the door. This is also related to the proximity of
these locations to the support excitation. Figure 3.11(b) shows the damage indices at the
same locations, but using the simpler two-parameter support stiffness. The general trends
observed in Figure 3.11(a) for the frequency-dependent stiffness can also be seen in Figure
3.11(b). There are two significant differences between the two figures. The first is that
the damage indices at the windows are slightly more uniform in Figure 3.11(b). The more
significant difference is that the damage indices for the two-parameter stiffness is over
six orders of magnitude larger than that for the frequency dependent stiffness. This is
because the differences in the relative magnitude of the stresses arising from the two types

of support stiffnesses becomes magnified after the analysis using the Palmgren-Miner rule.
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The analytical source of this magnification effect is the exponent of m. = 4.32 that appears

in the rule.

-10
10

-1

10

Damage Index

location

Damage Index

location

Figure 3.11: Damage index at eight locations using (a) frequency-dependent support stiff-

ness and (b) two-parameter stiffness. Rainflow counting (dashed), simpler result using

equation (17) (solid).

3.23.2 Continuous analysis

As stated earlier, the Palmgren-Miner rule can also be evaluated using a continuous

representation of the probability distribution of stresses. This continuous analysis is briefly
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reviewed herein and the results obtained using this analysis is compared with the results
obtained using the discretized rainflow histograms.

There are two modeling assumptions in the continuous analysis. The first is in replac-
ing the mean stress o, by constant values. For the HSR-350x, the constant value would be
given by the stress due to gravity loads. This approximation is valid because the additional
mean stress arising from the bogie vibrations are much smaller than the original gravity-
induced mean stresses. The second modeling assumption is in replacing the marginal his-
togram A,.q;n, flmu(a,(f)) of the stress amplitudes shown in Figures 3.7 and 3.9 by continuous
probability distributions. Before continuing, some more terms are defined:

Using the theory of stochastic processes, the root mean square (RMS) of stress opys

is evaluated by integrating the square of the stress time history:

ORMS = { / [0a (t) — am]zdt}l/z (3.5)

In addition, the average zero up-crossing rate v can be evaluated in terms of the auto-PSD

of the stress S,4:

i [f f2SW(f)df] e
DL T See(Hdf

With this estimate for the rate of zero up-crossing, the number of lifetime cycles, 7; fetime.

3.6)

can be evaluated in terms of the lifetime duration ¢y;fcsime :

Niifetime = Vg_tlifetime (37)

Finally, the Rayleigh distribution is typically used for the probability distribution of the
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stress amplitudes. This distribution has the exponential form

. o ol
i (Ua) = 3 eXp <_2 5 ) (3.8)
ORMS ORMS

It is noted that the expressions in equations (3.6), (3.7) and (3.8) for the zero up-crossing

rate, lifetime number of cycles and stress probability distribution are most accurate when
the stress time history is a narrow-band stochastic Gaussian process. Narrow-band stochas-
tic processes are characterized by a time history that can be described by a sinusoidal-type
oscillation with varying amplitude. The stress time history shown in Figure 3.3 has much of
the character of a narrow-band stochastic process, but is slightly more complicated because
of the low-frequency fluctuation. This low-frequency fluctuation, however, is relatively
unimportant in fatigue analysis because the number of cycles of this fluctuation is an or-
der of magnitude smaller than the number of cycles in the higher frequency oscillations
in the stress time history. The Gaussian nature of the stress time history is evident in the
histogram of stress amplitudes shown in the right of Figure 3.7.

Once the probability distribution f (o) of the stress amplitude is determined, then the
Palmgren-Miner rule for continuous stress spectra can be evaluated [Li, 1999]. For the

simpler case of zero-mean stress, this rule gives the damage index

[ — Mifetime / o™ f(o)do 3.9)
Ap 0

For the case where the mean stress o, is constant but not zero, the above equation can be

modified as:

Do nuzﬁme / (a f (03 _do (3.10)
0 0 1—2m
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As described earlier, if the stress time history is a stationary narrow-band Gaussian process,
then the results in equations (3.6), (3.7) and (3.8) can be used. When these results are
substituted into equation (3.10), then the following analytical form for the damage index is

obtained [Li, 1999]:

+
Vg Liifetime (
Ao (1 — Z—:’j)

where I' is the Gamma function. This relatively simple form for the damage index can be

D=
2

V2onus) T (lm + 1) G.11)
evaluated using only the stress time history and its auto-PSD such as shown in Figures 2.26
and 2.27.

This simpler expression for the damage index is used to evaluate the fatigue reliabil-
ity at the same eight locations around the car body openings as in section 3.2.3.1. The
results are plotted in Figure 3.11(a) and (b) using solid lines. The results for the frequency-
dependent stiffness are nearly identical to those evaluated using the rainflow histograms.
For the two-parameter stiffness, the continuous form for the damage index is lower than
the corresponding damage index obtained using the rainflow histograms. The main reason
is that the stress time history for the two-parameter stiffness is relatively wide band, with
more widely varying frequency and amplitude. This can be seen by the wider form for the
auto-PSD in Figure 2.27.

The damage indices for all three components of the stress at the eight locations of the
car body as well as for the upper and lower sections of the elements are tabulated in Tables
3.1-3.4. These results are simply more detailed forms of the results summarized in Figures
3.11(a) and (b). The highest damage indices are at the two corners of the door. For the
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Table 3.1: Damage index using frequency-dependent stiffness and simplified equation

(3.11) for f4; fetime = 10°.

Damage Index

Top of the element

Bottom of the element

location S11 S22 S12 S11 S22 S12

| 1.700E-14 | 3.900E-14 | 3.940E-13 | 2.851E-12 | 2.472E-10 | 6.170E-13
2 1.430E-13 | 1.510E-13 | 3.050E-13 | 4.298E-12 | 6.623E-11 | 5.080E-13
3 4.400E-14 | 1.757E-12 | 1.000E-14 | 8.000E-15 | 4.000E-13 | 1.300E-14
4 1.300E-14 | 2.470E-13 | 2.000E-15 | 4.000E-15 | 4.210E-13 | 3.000E-15
5 4.740E-13 | 1.604E-11 | 9.700E-14 | 1.650E-13 | 2.822E-12 | 1.220E-13
6 1.300E-14 | 5.900E-13 | 4.000E-15 | 6.000E-15 | 3.870E-13 | 6.000E-15
7 3.890E-13 | 3.362E-11 | 1.020E-13 | 8.900E-14 | 1.106E-11 | 8.700E-14
8 2.000E-15 | 5.800E-14 | 0.000E+00 | 1.000E-15 | 2.390E-13 | 1.000E-15

locations far from the bogie connection this damage index will decrease.

3.3 Loads for fatigue testing

An important goal of this research is to provide guidance for developing testing proce-

dures for car bodies for fatigue reliability. This means that it is necessary to find ways to

load the car bodies to produce the type of stress concentrations observed in the preceding

sections. This analysis is useful in two ways:
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Table 3.2: Damage index using frequency-dependent stiffness and rainflow counting for

tlifetime = 10°.

Damage Index Top of the element Bottom of the element
location S11 S22 S12 S11 S22 S12

1 1.900E-14 | 3.400E-14 | 3.020E-13 | 2.183E-12 | 1.996E-10 | 4.680E-13
2 1.040E-13 | 9.400E-14 | 2.690E-13 | 3.600E-12 | 5.511E-11 | 4.480E-13
3 3.800E-14 | 1.431E-12 | 8.000E-15 | 7.000E-15 | 4.180E-13 | 1.200E-14
4 9.000E-15 | 1.740E-13 | 1.000E-15 | 2.000E-15 | 5.670E-13 | 2.000E-15
5 3.030E-13 | 1.018E-11 | 6.200E-14 | 1.060E-13 | 2.242E-12 | 7.700E-14
6 1.300E-14 | 4.960E-13 | 4.000E-15 | 6.000E-15 | 4.360E-13 | 6.000E-15
7 2.530E-13 | 2.369E-11 | 7.000E-14 | 5.800E-14 | 8.507E-12 | 5.700E-14
8 3.000E-15 | 7.600E-14 | 0.000E+00 | 1.000E-15 | 3.490E-13 | 1.000E-15
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Table 3.3: Damage index using two-parameter stiffness and simplified equation (3.11) for

tlifetimc = 109

Damage Index Top of the element Bottom of the element
location S11 S22 S12 S11 S22 S12

1 9.738E-10 | 1.655E-08 | 4.792E-08 | 5.605E-07 | 8.587E-05 | 7.876E-08
2 7.441E-08 | 6.555E-08 | 1.630E-07 | 1.961E-06 | 2.704E-05 | 2.714E-07
3 1.447E-09 | 9.981E-08 | 7.037E-10 | 6.594E-10 | 3.695E-07 | 6.498E-10
4 4.447E-09 | 2.334E-07 | 1.474E-09 | 2.866E-09 | 8.681E-07 | 1.649E-09
5 4.152E-08 | 1.545E-06 | 6.847E-09 | 1.062E-08 | 4.358E-07 | 9.501E-09
6 2.955E-08 | 1.048E-06 | 5.122E-09 | 4.059E-09 | 6.154E-07 | 7.078E-09
7 2.944E-08 | 5.587E-06 | 1.594E-08 | 1.197E-08 | 5.893E-06 | 9.914E-09
8 4.600E-09 | 1.969E-07 | 8.198E-10 | 6.545E-10 | 4.348E-07 | 1.122E-09
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Table 3.4: Damage index using two-parameter stiffness and rainflow counting for

tlifetimc = 109 .

Damage Index Top of the element Bottom of the element
location Sil1 S22 S12 S11 S22 S12

| 2.170E-09 | 3.874E-08 | 1.112E-07 | 1.329E-06 | 2.071E-04 | 1.825E-07
2 1.676E-07 | 1.418E-07 | 3.983E-07 | 4.607E-06 | 6.232E-05 | 6.678E-07
3 2.919E-09 | 2.133E-07 | 1.726E-09 | 1.456E-09 | 7.917E-07 | 1.309E-09
4 1.057E-08 | 5.331E-07 { 3.111E-09 | 5.774E-09 | 1.737E-06 | 3.783E-09
5 1.080E-07 | 3.605E-06 | 1.637E-08 | 2.388E-08 | 9.135E-07 | 2.236E-08
6 6.017E-08 | 2.065E-06 | 1.012E-08 | 7.761E-09 | 1.038E-06 | 1.414E-08
7 6.954E-08 | 1.307E-05 | 3.733E-08 | 2.771E-~08 | 1.372E-05 | 2.274E-08
8 6.924E-09 | 2.884E-07 | 1.194E-09 | 9.810E-10 | 8.806E-07 | 1.713E-09
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Figure 3.12: Test configurations for fatigue stresses.

1. The results can be used to develop test procedures.

2. The analysis will be useful in understanding how loads on the car body lead to stress
concentrations. Such an understanding can be useful for designers so that they can

develop car body designs with reduced stress concentrations.

In this section, three possible testing configurations are considered, which are shown in
Figure 3.12. The first configuration, shown in the top of the figure, is the natural configu-

ration where the car body is supported by springs at the ends and dynamic excitation loads
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are applied at the support locations. This is perhaps the most obvious test configuration for
satisfying (1) above. The main drawback of this configuration is that it is not very help-
ful in (2). It is not clear how the vibration loads at the ends leads to stress concentrations
around the windows. The second configuration, shown in the middle of Figure 3.12, is to
apply static loads on the floor of the car body. The idea here is to try to find static loads
that will lead to the type of deformations and stress concentrations that are expected under
service vibration loads. This may be the easiest test configuration for satisfying (1). Fur-
thermore, since static loads are relatively simple to understand, the results of this analysis
may be helpful in (2). There are, however, severe limitations to this approach, as shown
below. The third configuration, shown in the bottom of Figure 3.12, is to apply dynamic
rather than static loads on the floor of the car body. While this type of loading is more com-
plex than the static loads, it is more realistic and is better suited for producing the stress
concentrations expected under dynamic service loads.

To begin the analysis, the response pattern due to a harmonic force at one of the bogies
is found. This analysis is the same as done earlier in Figures 2.22 and 2.28-2.30. Then the
equivalent static or dynamic forces are determined such that they produce a similar response
pattern. To find suitable forces, a least-squares fit analysis is performed. The least-square
fit is performed by fitting either the displacement patterns or the stress patterns. To describe

this in detail, some additional notation is introduced:
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)

Zg points on the car body for fitting displacements
dg()l 4 displacements at .’L‘l(ij) due to a harmonic load at a support

dgﬂzt displacements at xfij) due to the test loads

zd) points on the car body for fitting stresses

Uz(i)ld stresses at 3 due to a harmonic load at a support

at(’ezt stresses at &) due to the test loads

/&) test loads at locations & on the car body

For the displacement fitting analysis, the points x((lj) are chosen at the locations where
the displacements tends to be the largest for vertical support vibration loads. These points,
shown in Figure 3.13, are distributed on the roof and floor of the car body. For the stress
fitting analysis, the xl(,] ) are chosen at the locations of the greatest stress concentrations.
These points, shown in Figure 3.14, are primarily at the corners of the windows and door

with additional points along the middle of the floor-wall and wall-roof connections. This

leads to test procedures which reproduces responses more accurately at these critical points.

Since the system is linear, there is a linear relation between the applied loads and the

responses. Therefore, defining the vector notation

[ i [ i [ i
1 1 .
£ wl [
dtest = dggt 5 Otest = Ugs)t , f = f 2
L i L J L J
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Figure 3.13: Locations for matching test displacement patterns.

with similar notation for d),,q and oy.,q then one can write the matrix relations

dtest = Bdfa Otest = Baf

In practice, the matrices B, and B, can be determined by finite element analysis simply
by setting the force f to be the unit vectors and solving for the displacements and stresses
for each force vector. To find the static forces, a static analysis is performed, and to find

harmonic forces, a harmonic analysis is performed at each frequency.
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Figure 3.14: Locations for matching test stress patterns.

The fitting analysis was performed using a procedure similar to statistical regression. In
the following, the details on the displacement fitting is given since the stress fitting is very

similar. First, the sum of squared errors is evaluated to quantify the difference between the

(7

(j;d due to the harmonic load at the support versus the displacements d;;

displacements d,;

from the test load on the car body floor:

. N 72
eq = Z [ fé;d - §g§t] = sum of squared errors in displacement response

J
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These error quantities can be rewritten in matrix form. For the displacement case one can

write

eq = [dioad — diest)” [hond — drest) = [diond — Baf]" [dioad — Baf]

= dfagtiosd — 2404 Baf + fTBi Baf

The goal in this fitting procedure is to find f which minimizes e;. To find the minimum

error, one can simply differentiate with respect to f and set the result to O:

Bed _ T
aF —2d,

uBa+2fTBYB; =0
The solution for the test load vector f is

f = (BYBg)” Bl diona (3.12)
For fitting the stresses instead of displacements, the solution for the test load vector is

f=(Bf Ba)_le Oload (3.13)

If the load vector f is constrained such that all components f*) are equal to a single scalar

value f(, then this is the same as multiplying B, by a unit vector
bg = Byl where 1 is a column vector of ones

and it can be shown by substituting by for By in the above analysis that the solution for the

scalar value f© is

T
dio
F© — b hond (3.14)

The load vector for this constrained case is simply f = [f©® f© ... ]T.
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The above procedure is illustrated for the HSR-350x at a low and relatively high har-
monic load frequencies. For the low frequency, the frequency of 2.75 Hz is chosen cor-
responding to the low-frequency peak of the PSD shown in Figure 2.26. The stress and
displacement patterns due to this harmonic load applied to the support closest to the door
are shown in Figure 3.15. The complexity of these response patterns is similar to that
observed at other harmonic frequencies in section 2.3.4.

For the first test load, we try to find the uniform static loads which comes closest to
matching the displacement field in Figure 3.15. To do this, the displacements dl(f);d at the
locations shown in Figure 3.14 are collected and equation (3.14) is used to find the test
force. The resultis f(® = —0.0132 which is shown in Table 3.5 at all six force locations
(because of the constraint). The corresponding stress and displacement fields are shown
in Figure 3.16. It can be seen that the uniform load result produces stresses that are very
different than the result from the harmonic load in Figure 3.15, with high stresses only in
a small region near each of the six force locations. Next, a more general non-uniform set
of static loads is determined to match the displacements and stresses by solving equations
(3.12) and (3.13). The results for the forces are shown in Table 3.5 and the corresponding
displacement and stress patterns are shown in Figures 3.17 and 3.18. Here, while there
are still some localized stresses at each force location, the stress concentrations around the
window can be observed. Finally, the same procedure is repeated with the same equations
but using dynamic loads at 2.75 Hz frequency. The dynamic loads were very close to

0° or 180° out of phase with each other, so only +/— signs are needed to describe these
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loads. The results are shown in Table 3.5 and Figures 3.19 and 3.20. Here, the stress
concentrations around the windows and door can be seen. When comparing the responses
for the five different test loads in Figures 3.16-3.20 with the harmonic load response in

Figure 3.15, it can be seen that the dynamic load fitted to the stresses al(ggd gave the closest

stress response pattern.

s, S1t

SHEG, {Iractivn = -1.0)

(avg: 75%)
- +1.

unit harmonic
force F

Figure 3.15: Stress pattern for a unit 2.75 Hz harmonic load at the bogie support.

This test load analysis procedure was repeated for a harmonic load at 74.5 Hz, corre-

sponding to the relatively high-frequency peak of the PSD shown in Figure 2.26. The stress
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i's, 81
. SNEG, {froction @ -1.0)

Figure 3.16: Stress pattern for a uniform static test load fitted to the 2.75 Hz displacements.

and displacement patterns due to this harmonic load applied to the support closest to the
door are shown in Figure 3.21. The main differences from the low-frequency load case
shown in Figure 3.15 are that there are more waves in the car body floor and roof and most
of the stresses are localized around the door and windows. It is noted that the test loads
evaluated here are unique because they are determined using linear regression.

The uniform static load procedure is unsatisfactory, because the load was nearly zero,

as shown in Table 3.6 and indicated in the response plot in Figure 3.22. The difficulty here
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S, S1t
SNEG, (fraction = -1.0}

non-uniform static load o

Figure 3.17: Stress pattern for a non-uniform static test load fitted to the 2.75 Hz displace-

ments.

is that the response pattern is too complex to be approximated using a six-point static load.
The more general non-uniform static loads do not produce significantly better results, as
shown in Figures 3.23 and 3.24. Again, it is believed that the number of static loads - six —
is too low for producing the complex response pattern at this high frequency. The results for
the dynamic loads are far better, as shown in Figures 3.25 and 3.26. They produce the wave

patterns in the floor and roof and the stress concentrations around the windows and door.
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l S, 518
} SNEG, {fraction = -1.0)
(Avg: 75%

non-uniform static load

Figure 3.18: Stress pattern for a non-uniform static test load fitted to the 2.75 Hz stresses.

As for the low frequency case, the dynamic load fitted to the stresses al(ggd gave the stress

response pattern closest to the original harmonic load response pattern in Figure 3.21. The

results of this section are still in the preliminary stage, and there are several generalizations

which can be explored.
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8, S1%
SNEG, (traction = -1.0}

4 dynamic load (avg: 75%)

Figure 3.19: Stress pattern for a dynamic test load fitted to the 2.75 Hz displacements.
3.4 Conclusions and future study

The acceleration response measured on the car body and bogie were used to study the
response characteristics of the car body. These results along with a finite element model,
were then used to determine the dynamics properties of the suspension between bogie and
car body and stress transfer function. The stress transfer function is used to obtain the time
history of stress at different locations of the car body. The time history is then used for

fatigue reliability analysis. The Palmgren-Miner rule is the cumulative damage predictor
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dynamic load

Figure 3.20: Stress pattern for a dynamic test load fitted to the 2.75 Hz stresses.

for the car body. The values for the damage index are very small even at the locations
around the door and windows. One reason is that the finite element mesh is relatively coarse
around the openings where the local stresses are high, so that the stress concentrations
around the corners are not accurately represented. The finite element model of the car
body is already complex and including fine meshes around all corners of all openings is not
desirable. To overcome this problem a new numerical approach is developed in the next

chapter to enhance the results of finite element analysis using coarse meshes and to more
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unit harmonic
force F

o

Figure 3.21: Stress pattern for a unit 74.5 Hz harmonic load at the bogie support.

accurately predict the local stresses at the corners of rectangular openings.

In the last part of this chapter, test load configurations for full-scale fatigue tests were
proposed. The loads were obtained by fitting the static and dynamic displacements and
stresses at various locations of the car body. The response from equivalent loads obtained
by matching the dynamic stresses produce the stress patterns most similar to the harmonic
response. These test load configuration results are in the preliminary stages and they can

be improved in several ways. For instance the regression points for matching the dynamic
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S, S1t
SNEG, (fraction = -1.0}

uniform static load

Figure 3.22: Stress pattern for a uniform static test load fitted to the 74.5 Hz displacements.

stresses can be moved to points that are closer to the regions of interest such as around the
panel openings. Weighted least squares can also be used, with less weight at points away
from the regions of interest such as at the ends of the car body. In addition both stresses

and displacements can be fitted at the same time.
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s, 511
SNEG, (fraction = -1.0)

non-uniform static load (Avg: ) 0

Figure 3.23: Stress pattern for a non-uniform static test load fitted to the 74.5 Hz displace-

ments.
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s, 511
SNEG, {fraction = -1.0)
< 75%)

non-uniform static load

Figure 3.24: Stress pattern for a non-uniform static test load fitted to the 74.5 Hz stresses.
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5,511
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dynamic load | 2436001

Figure 3.25: Stress pattern for a dynamic test load fitted to the 74.5 Hz displacements.
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S, 811
SNEG, (fraction = -1.0)
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dynamic load

Figure 3.26: Stress pattern for a dynamic test load fitted to the 74.5 Hz stresses.
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Analysis of stresses in plates with
rectangular openings using coarse finite

element meshes

In section 3.2.3 it was found that the damage indices at the corners of windows and door
were very small. It was explained that one reason for such results is that the finite element
model for the train had fairly coarse meshes around these openings. In many practical
problems, especially when the structures are large and complex, it is not feasible to use fine
meshes around all corners of all panel openings. In such cases, the finite element analysis
results will underestimate the stresses around the corners. In this chapter an analytical
approach is developed that can be coupled with coarse-mesh finite element analysis to

predict the stress concentrations around rectangular openings in plates.
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4.1 Introduction

There are a variety of methods for evaluating stress concentrations in plates due to ge-
ometrical irregularities such as openings and cracks. In design it is common to use the
stress concentration factor, defined as the ratio of maximum local stress to the nominal
body or far-field stress. The stress concentration factor can be evaluated by using computa-
tional techniques, elasticity theory and experimental stress analysis such as photoelasticity.
Peterson [1961] has provided stress concentration factors for different geometric irregular-
ities under various types of loads. Wu and Mu [2003] developed simple methods to obtain
the stress concentration factors around circular holes located in finite anisotropic plates or
cylinders due to in-plane loads.

Using the edge function analysis, Hafiani and Dwyer [1999] studied the effect of the
shape of the opening and the anisotropy of laminated composite plates under plane stress
conditions. J. M. Henshaw et al. [1996] used finite element analysis to study the stress con-
centration in composite laminates with multiple openings under in-plane loads to demon-
strate the increase in the stress concentration at the corners of an opening when another
opening is added in its vicinity. Using integral equations Hu et al. [1993] studied the in-
teractions between openings and cracks in different domains by breaking the problem into
single hole and crack problems using the superposition principle. Chong and Pinter [1984]
used finite element analysis to determine the stress concentration factor around large holes
in tensile strips in terms of the size of the openings. Durelli et al. [1970] experimentally

evaluated the large strains around elliptical holes and used the photoelasticity to determine
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the stresses at those locations.

The method of complex variables [Muskhelishvili, 1975] provides a powerful approach
to solve elasticity problems with geometric irregularities. The method uses a complex
representation for the displacement field and maps the physical space of the plate with
irregularity to a unit disk via a conformal transformation. The boundary conditions are
then expressed in the unit disk space by a contour integral. Researchers have used this
method to solve a wide variety of elasticity problems. Savin [1961] was one of the first
to apply this method to the plate problem. He calculated the stress concentrations around
openings of different shapes under several types of loadings at inﬁnity.

More recent work on this problem using complex variables include papers by
Ukadgaonker and Rao [2000], Xiwu et al. [1995], Wu and Cheng [1999], Chen and Hsu
[1996], Bryukhanova [1967], Wang and Hasebe [2000], Tsukrov and Novak [2002] and
Datsyshin and Marchenko [1985]). Ukadgaonker and Rao [2000] solved the bending prob-
lem for laminated composite plates with openings of different shapes and Xiwu et al. [1995]
considered a finite laminate with elliptical hole under in-plane extensional and shear loads.
Datsyshin and Marchenko [1985] solved the stress concentration around curvilinear cracks
in a half-plane problem and satisfied the boundary conditions numerically using Gauss
quadrature formulas. Wu and Cheng [1999] considered a circular hole in a laminated com-
posite material under extensional loading. Chen and Hsu [1996] studied the stress concen-
trations around undulating cracks located at the interface of the two materials. Two sets

of analytic functions are used for the two materials and the unevenness of the cracks is
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modeled using perturbation. Wang and Hasebe [2000] studied bending of a plate with an
inclusion and a crack. The Schwarz - Christoffel transformation is used by Tiwary et al.
[2007] to generate stress functions for heterogeneities of arbitrary shapes. Ishikawa and
Kohno [1993] used this transformation to determine the stresses around square openings
and inclusions for plates under in-plane extension.

While the complex variable method is very powerful in solving a wide variety of elastic-
ity problems, it is complicated and must be reformulated for each type of far-field load. The
other main class of methods for evaluating stress concentration factors in plates are based
on the finite element method. A special finite element is often introduced for plane stress
problems. For instance, Chen [1993] developed an element with a circular hole and Piltner
[1985] introduced one with circular or elliptical holes. To avoid refining the finite element
mesh around the holes, these special elements are used at the hole locations while regular
elements are used at other locations. The stresses in these elements are determined using
a numerical implementation of the aforementioned complex variable method. The stress
concentration factors for a crack (using elliptical hole) are also determined by these special
finite elements. To study a composite plate under in-plane extension and shear, Nishioka
and Atluri [1982] modified the complimentary energy principle and developed a special
plane-stress finite element for laminated composite plates with a hole. Pan et al. [2001] de-
veloped a 3D boundary element formulation for the analysis of composite laminates with
holes. They used a special Green’s function which satisfies the continuity equation between

the laminae and the free surface on the top and bottom faces to convert the problem to a
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two-dimensional formulation to avoid desceritization in the plate thickness direction. In an-
other study, Richards and Daniels [1986] used the conventional eight-node finite element
to determine the displacements, and then utilized a complete quadratic function for redefin-
ing the displacement field for subsequent differentiation. The coefficients of the quadratic
function are obtained by least squares fit of the displacements and stresses on the boundary.

Smoothing techniques have also been used in problems where strain measurements are
available. Rowlands et al. [1978] and Feng and Rowlands [1991] combined smoothing
with nonlinear regression to examine a plate with a hole under in-plane extension and
bending. The strain measurements are obtained using photomechanical techniques. The
noise presented in the measured deformation leads to erratic derivatives of displacement
and therefore noisy stresses and strains. The smoothing techniques provide an approach to
calculate better estimates of these derivatives.

This chapter focuses on stress concentrations around square holes in plates under dif-
ferent types of loads. These stresses can be determined using finite element calculations,
if a sufficiently high density mesh is used in the vicinity of these corners. The goal here
is to develop a method that would not require such high density meshes. This would be
practical for complex structures, where a high density finite element mesh cannot be used
for every rectangular opening. The key and novel aspect of this method is in extending the
complex-variable method so that it can be effectively coupled with coarse finite element
results to evaluate the stress concentrations around the openings. In essence, the coarse

finite element results are used to provide moment and shear information at intermediate re-

121



CHAPTER 4.

gions away from the openings while the extended complex variable analytical expressions
are used to obtain the stress field immediately surrounding the plate openings.

The method in Muskhelishvili [1975] and Savin [1961] is first briefly explained and
used to solve for the moment distribution in a plate with a hole under bending loads. In this
method the solution is represented in terms of analytic stress functions with unknown coef-
ficients which can be determined by solving contour integral equations used for satisfying
the boundary conditions. As indicated above, this purely analytical approach is compli-
cated and has some limitations that prevent its practical use. In this chapter a numerical
approach based on least squares technique is used instead of the contour integration to sat-
isfy the boundary conditions. New expressions for moment and shear in terms of analytic
functions at the hole boundary that are needed to perform this analysis are also derived. The
plate bending problem for constant and linear varying moments is solved using this new
method. The results are then combined with coarse-mesh finite element analysis to predict
the stress concentrations as follows. First, a model for the stress distribution is fitted to the
results of a coarse-mesh finite element analysis. The fitted model is then used to evaluate
the stress concentration factors. To examine the performance of the proposed method a
number of examples with single and adjacent, interacting holes are solved and compared
with the results of more accurate finite element models or purely analytical solutions for

the single hole case.
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Figure 4.1: Internal forces in a plate element

4.2 Analytical results

4.2.1 Plate bending equations

Consider a plate element in the z, y plane as shown in Figure 4.1 (left). Let w(z, y) be
the out-of-plane deformation of the midplane in the vertical direction. In thin-plate bending

theory, one can use the Kirchhoff assumption, which states:

e The deflection of the midsurface is small compared to the plate thickness. The slope
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Figure 4.2: Conformal transformation to a unit circle
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of the surface is much less than unity;

¢ The midplane of the piate is not stretched due to bending.

¢ Plane sections normal to the midsurface before bending remain plane and normal to
the midsurface after the bending. This assumption means that the shear strains ..,

vy~ and €, are small and can be neglected.

e The stress o, normal to the plane is negligible.

Using the above assumptions, the out-of-plane deformation w(zx,y) is independent of z

and the in-plane deformations v and v and the strains can be written in terms of w(z, y) as

follows:
ow ow
u(x7 y) —"T'a_x—7 1)(33, 'U) —7-5;
%w . TaZw ) w
= T35 = T =5 ey = — a_ o
© or2 v a2 T T 920y

where 7 is the distance from the midplane. Using generalized Hooke’s law for an isotropic

material, the stresses in the plate can be obtained as follows:

Er w 8w
o=~ (5 V5
ET 8w 3w
M ) (ay2 *”W)
Er  d%w

Tey = (1+v) 0z0y
Integrating the stresses through the thickness of the plate, the resultant moments and shear

forces per unit length shown in Figure 4.1 can be written as [Timoshenko and Woinowsky-
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Krieger, 1959]:

w Ow O*w *w O*w
= p(Z¥ L 2YY M=-D[2Y 0¥ f,, = —D(1 —
M, (3x2+yc‘9y2>' y = D(8y2+yax2>’ M,y D( V)Bxay
“.1)
V2w V2w
pa——— N,' = — —_—
Ne b or > Y b Ay

where D = Eh®/12(1 — v?) is the flexural rigidity.
The bending moments and shear forces in curvilinear coordinates n and ¢ as shown in
Figure 4.1 (right) are related to the those in Cartesian coordinates through the following

transformations [Savin, 19617]:
My + M, = M, + M,
(M, — My + 2iM,,) e¥m = My — M, + 2iMyy; 4.2)
(N, —iN,) €™ = N, — iN;

where ¢, is the angle between the normal to the plane and the horizontal axis z .

The biharmonic bending equation is obtained by writing the equilibrium equations of

moments and forces:

oM, OM.

dx + Oy Na=0;

OM,, OM,

oy 2 N, =0, 4,
5t gy~ My =0 4.3)
ON, 0N,

oz + dy 0

and eliminating the shear terms [Ventsel and Krauthammer, 2001]:

0*w *w Nw
2 =0. 4.4
ozt + 0x20y> + oyt 0 @4
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It is common to solve the plate bending problem by assuming a solution for w which
satisfies the governing equation in coordinates x, y. One usual way is to write the solution
as Fourier series expansions with unknown coefficients. The unknown coefficients are then
evaluated by substituting w into the biharmonic equation. Another way to solve the plate
bending problem is the method of complex variables. In this method the z, y coordinates
are expressed by the complex variable z = = + 4y. Muskhelishvili [1975] showed that the

general solution to the biharmonic equation in (4.4) can be expressed as:

w(z,y) = Re (2¢p(2) + xp(2)) 4.5)

where ¢ and x are analytic functions, i.e. they preserve angles. The subscript p indicates
that the functions are in terms of the variable z in physical space. The far-field bound-
ary conditions are evaluated directly in physical space, but the boundary conditions at the
interior of plate opening are more easily evaluated with the help of the conformal map
explained in the next section.

The moments and shear forces in a plate with hole can be decomposed into two com-

ponents:

M=M"+M* (4.6)

N =N"+N* ’ 4.7

The superscripts 0 are for the solutions for a plate without the hole and the superscripts *
are for the additional moments and shear forces that arise due to the existence of the hole.
Hence M° and N are the moment and shear force in an infinite unweakened plate which

127



CHAPTER 4.

can be easily evaluated using the basic bending equations (4.1). The components M * and
N* of the moment and shear force account for the redistribution of stress associated with
the existence of the hole. The conformal transformation technique explained in the next
section is used to find these components. The analytic functions ¢, and X, can also be

decomposed into two similar components:

dp(2) = ¢p(2) + dp(2)
Xp(2) = xp(2) + x;3(2)

These functions are used in finding the two components of deformation, w® =

Re (Eqﬁg + Xg) which is the deformation for a plate without hole and w* = Re (Eqﬁ;‘, + X;)
which is the deformation component due to existence of the hole.

Experimental and numerical investigations have shown that the stresses are locally high
around the hole. Therefore the moment and shear components M* and V* must attenuate
rapidly with increasing distance from the hole. This suggests that the analytic functions ¢*

and x* have the following form [Savin, 1961]:

aq (45)]
f(z)=a0+7+§+~-

where a; are constant coefficients. In the next subsection the conformal transformation
properties are reviewed and the method of complex variables introduced by Muskhelishvili

[1975] is briefly explained.
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4.2.2 Review of analytical solution using conformal mép-
ping
4.2.2.1 Conformal transformation definition and properties

The function z(¢) that maps ¢ in the unit disk ¥ to z in physical space S is called a
conformal transformation if it preserves angles [Ahlfors, 1979]. The Riemman mapping
theorem states that any simply connected region can be mapped to a unit circle by such a
conformal map. Therefore a plate with a hole can be mapped to a unit disk as shown in
Figure 4.2.

The method used to transform the area of a plate with a hole to the inside of a unit circle
using the function 2(() is explained in more detail in Savin [1961]. From the theory of
functions of complex variables it is known that the inside or outside of a unit disk X can be
transformed to the area of a plate with a polygon shape hole using the Schwarz-Christoffel
integral [Savin, 1961]. For the case of a rectangular hole, the conformal transformation of

the plate to the inside of a unit circle can be determined as follows [Savin, 1961]:

a a—a)? a’—a?)(a—a
2(¢) :c(%+aw;_a§+ ( 24) §3+( 8())( )Cs

5(a*+a?)—4(a®+a%)-2 (a®+a%)—5(c®+a%)—2(a+a
A H=R (T oL (4.8)

21(ab+a%)—14(a*+a?)—5(a’®+a%)—4 ~11
+ 11264 ¢t

where a = €27 and g is its conjugate [Savin, 1961] and k depends on the aspect ratio of

the rectangular hole.
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Using the Cauchy-Riemann equations for analytic functions:

the Jacobian of the mapping can be represented as:

du  Ov ou v
_— = — = _— = —— = b 4.
dx Oy @ Dy Ox 49)
da 0Ob da  Ob
420 —Z_2=0 4.10
ox + Ay Oy Ox (4.10)
du  Ou
oz By 1 ~if
J = = = Ae¢™"
o o Z(C)
dr Oy

where A% = a2 + b? is the ratio of the area of an infinitesimal element in the unit disk

to its corresponding area in physical space and 6 is the angle of rotation of the conformal

transformation as shown in Figure 4.2.

4.2.2.2 Moments and shear relations using complex representation

Using the properties of analytic functions, the derivatives with respect to = and y can

then be written in terms of the derivatives with respect to z:

of(z) Ou  .Ov
or oz ar 1
of(z) Jdu .Ov

'%—Z%ﬁ‘i@:if/(z)
8f(z) Ou Ov —
a—‘x——%—léz—f(z)

9FCE) _du o
oy 9y Oy
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Therefore the derivatives of the deformation w in (4.5) can be written as:

0L = 2 (9(2) +36/(2) + 2B(2) + B(2) + () + (=)

‘Z—l; = % (—i0(z) +12¢/(2) — i2¢/(2) + id(2) + iy — i)

82w 1 ’ - — 7 ! 7
72 =5 (2()5 (2) +2¢'(2) + 29" (2) + z¢"(2) + ¥'(2) + w’(z))
T = 3 (200 + @)~ ) - ) - v ) - T()
=5 (30(2) = ) + () - T(2)

where 1 = dx/0z. The above relations are substituted into equations (4.1):

1—v
2

-V

M,=-D [(1 +v) (¢'(2) +$(z)) +

My = —D [<1 +0) (#(2) + 7)) - -

1—v

M,y = —iD
Y t 2

[2¢"(2) — 2¢"(2) + ¢'(2) — ¥ (2)]
Ny = —2D [¢"(2) + ¢"(2)]
N, = —2iD [¢"(2) + ¢"(2)]

and are rearranged to get [Savin, 1961]:

M, — M, + 2iM,, = 2D(1 — v) (26" (2) + ¥/'(2)) ;
M, + My = =2D(1 +v) (¢/(2) + §(2))

N, — iN, = —4D¢"(z)
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(20" (2) + 287(2) + ¥/ (2) + W(z))}
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4.2.2.3 Unweakened plate bending

As explained in section 4.2.1, the analytic functions ¢, and x,, are decomposed into two
components, one associated with a plate without hole (unweakened plate) and the other
corresponding to the existence of the hole. Therefore the first étep in solving the bending
of a plate with hole is to solve the problem of the unweakened plate and find the analytic
functions ¢° and x°. This can be easily performed using the bending equations in (4.1).
In the following, bending of an unweakened plate under constant moment in A, = M at
far-field is reviewed and the displacements and analytic functions are determined.

Using the bending equations in (4.1) one can obtain:

Pw M
oz D(1-1?)
Pw  vM
oy?  D(1—v?)
M
2 _— e —_
VoW = D+ v)

The shear forces and twisting moments are zero and the deformation is:

- M(2? - vy?)
2D(1 = ?)

w =
Using the relations in (4.11) the gradient of the displacement can be written as:
V2w = 4Re(¢(2)) (4.13)

If we rewrite ¢° as ¢° = P + (@, where P and Q are real-valued functions, then since ¢°

is an analytic function, the following Cauchy- Riemann equation holds:

0P (99 _0Q oF 4.14)

10 —_ 2 e 2
() ox e dx Oy Oy
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It follows from equations (4.13), (4.14) and (4.1) that:

Mx
4D(1 +v)

_ My
Q= TID(+7) + fa(x)

P = + fily)

Since 8Q/dx = 0P/ dy, the functions fi(y) and fa(x) are constants and can be set to zero.

Therefore the analytic function ¢° can be determined:

Mz

“4D(1 +v) .15

¢(2) =

To find the analytic function x°, we rewrite this function as x° = R + 1S where R and S

are real-valued functions. Since:
L 0

then using the same procedure as for P and (), we obtain:

R=- A{;((af—_uy)z)
and:
0 Mz
X (Z)_'4D(1—y) (4.16)
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4.2.2.4 Boundary Conditions

The moments and forces in the plane normal to the hole contour must set to zero if the

hole is traction free:

M, =0

/ N, + OMy ds =0
0 65

where M,,, M, and N,, are the bending moment, twisting moment and shear force per
unit length along the hole contour with outward normal n. It is noted that in the above
equation N,, + OM,,;/0s is the effective transverse force per unit length [Savin, 1961]. Let

P= fos N,ds and f, = fos N, + OM,;/9sds. Then we obtain:
P+ AJ’rLt - .fn +k

where k is a real-valued integration constant. Bending moments and shear forces can be

transformed to curvilinear coordinates:

M, = M, cos*(n,x) + M, sin*(n, z) + 2My, cos(n, ) sin(n, r)

fo+ k= (M, — M) cos(n, z)sin(n, ¥) + Myy (cos®(n,z) — sin’(n,z)) + P
The above equations are rearranged in the following form:

M, cos(n,z) — (fn + k) sin(n, z) = M, cos(n,z) + (Mgy — P)sin(n, x) 4.17)

M, sin(n, z) + (fo + k) cos(n, z) = M, sin(n, z) + (Myy + P) cos(n, z)
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In appendix A, it is shown that the boundary condition can be written in terms of the

analytic functions:
2 +P+np=0 (4.18)

To solve the plate bending problem for plates with a hole, a conformal transformation
2(() is used to establish a one-to-one mapping between the plate in physical space and the
unit disk ¥ with coordinate ¢ shown in Figure 4.2. The boundary conditions at the hole can
then be satisfied in the unit disk instead of the physical space. Using this transformation the
deformation in equation (4.5) is written in terms of the variable ( in the unit disk. Therefore
the moments and shear forces are all in terms of the analytic functions ¢(¢) and x(¢), which

are decomposed as:

dp(2) = (¢) = ¢°() + 6°(Q)

xp(2) = x(¢) = x°(¢) + x*(¢)

In the above equations, ¢°(¢) and x°(¢) are analytic functions associated with the bending
of the unweakened plate and can be determined by substituting z(¢) into ¢, and x.

Let 0 = €' be the value of ( = pe*? at the boundary of the unit disk and let

A+ify=- (n¢°(o) + %d"(a) + W(a‘)) (4.19)

and f? — ifJ be its complex conjugate. Then substituting ¢°(¢), ¢*(¢), x°(¢) and x*(¢)

into the boundary condition in (4.18) one can obtain:

¢*'(0) = f{ +1ify (4.20)
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To evaluate the unknown functions ¢;(¢) and *({), the functions ¢(¢) and () are first
substituted into the boundary condition equations (4.20). Then both sides of the equation
and its conjugate are multiplied by do/2mi(o — (), and integrated along the unit circle v as

follows:

— do _L do
¢ (o) = /vfl + f2 e (4.21)

2mi Jy 2/ (o) o— 27
1 . Z(G‘) /% do _ 1 ' ) o
O+ o5 7z'(a)‘Zs (”)U_C—T/(f?ﬂfé’)a_ (4.22)

In the above integrals,  is for points inside the unit circle.
The functions ¢*(¢) and x*(¢) are chosen so that they vanish far from the hole. They
are expressed as:
o0 o0
=Y o, WO =) B¢ (4.23)
j=1 j=0
These functions along with ¢° and ¢° are then substituted into the boundary conditions
(4.21) and (4.22). Solving the contour integral equations, the unknown coefficients of the
expansions in (4.23) are obtained and the moments and shear forces in the plate are then

determined accordingly [Savin, 1961}.

4.2.2.5 Example: bending of a plate with a square hole

Using equation (4.8) the conformal transformation:

el ¢
2(() =R (Z — g) 4.24)

maps the physical space of a plate with a square hole to a unit disk [Savin, 1961]. Note

however that the above conformal mapping only uses two terms of the expansion in (4.8)
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resulting in a square hole with rounded corners as shown in Figure 4.2. Substituting the
above transformation into the equations (4.15) and (4.16) the analytic functions associated

with the unweakened plate can be determined:

MR 1 (3 MR?> 1 ¢
N L Y o T N L 2 SR

The contour integral equations are then solved for satisfying the boundary conditions at
the hole boundary. In this process, the unknown coefficients of the expansion in equation

(4.23) are found. The analytic functions are [Savin, 1961]:

o _ MR 6 1,
#() = 2D (17+71/CJr 6(3+u)C )> (4.25)
w o MR? 1 6 1 A 2(7 — 4v) )
X'(©)= 2D (72(1 — I/)C - 2(1 —I/)(3+V)C * 3(1 —1/)(17-i-7y)C 420

35+ 13v 1
T ICET)) “C>

Using equation (4.5) and the conformal transformation in equation (4.24), the midplane

deformation can be determined:

M R? 35 + 13v 11
- - i 4.2
YT D (12(1 -v)(3+v) ne 2L+ )2 17+ 7w cos(2¢p)+ (4.27)
2+v 2 1, 1 6 1 cos(2¢)
— 4 —_ 20) — -
6(1+v)(3+ I/)p cos(4¢) + 17+ 70" cos(2¢) 72(3 + 1/)’0 21 —v) p? +
3(5—v) 5 1 .
2 - (4
2(1 — )17+ TV)P cos(2¢) + 20— B+ V)p cos(4y)

where ¢ = pe’®.
It is noted that this conformal mapping technique has some practical limitations. It is

fairly complicated, requiring the solution of a contour integral equation. In addition, it is

137



CHAPTER 4.

Figure 4.3: dimension and location of holes

limited to relatively simple expressions for the far-field moment. In more general config-
urations such as a plate with two interacting holes as shown in Figure 4.3, the conformal
mapping technique becomes analytically intractable. Finally, in practice it is only necessary
to examine a few critical corners, but the purely analytical approach requires an analysis of

the entire near-field surrounding all openings.

4.2.3 New relations for moment and shear

The first contribution of this study is in deriving closed-form analytical relationships

between the moments and shear forces in the z-plane in physical space and the analytic
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functions defined inside the unit disk. The moments and shear forces in the z-plane are
expressed in terms of ¢, y and the variable ¢ inside the unit disk. These relations are needed
to develop the regression formulation explained in subsection 4.3.1 which is subsequently
used to couple the conformal mapping technique with finite element computations.

The analysis begins with the relation between the derivatives in physical space and the

unit disk. Using the Cauchy-Riemann equations in (4.9) one can write:

0 0 0 9 0 0

oo — 07 [ ; p a-
ox ou O’ oy o v

The second derivatives can also be written as:

dr2 9z \ du dv) “ ou? ov? Qudv  Oxdu Oz Hv
o2 0 ] 0 , 07 5 02 ? ob & Oad
Y _ Y (2 i R S ~Z 19 gy LY
dy? Oy (bau + a@v) b ou? ta ov? + ab@uay + Oy Ou + Oy v
02 0 0 o) 82 o2 g o O? fa 8 Ob O
Byds By (“a - b%) =abgE — e @ = ey T ey e T ayae

When these derivatives are substituted into the plate bending equations (4.1), the moment

and shear forces in the physical space can be written in terms of the rectangular coordinates
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u, v in the unit disk:

82 02 2
Mgy = —-D ((CL + Vb2)d (b2 +va )')—— — 2ab(1 — l/)

112 02 oudv

ox oy ) du dy Ox) Ov

o o2 o2
- 2, 12 2y 9 _
My, D ((V(L + )d s+ Wb +a ) 5 +2ab(1 ~v) uav+
AW N AR AN
dx  Jy /) du Ay ox ) dv
02 92 9 9y 07 da 0 0Ob O
Mxy———D(l—I/) (abﬁ—abwﬂﬂa _b)8u8v+8_y51;_8—y8_v)

B da b\ _, A R A
N, = D<2( E bB )Vuvu/+(a +b)( 50 ba_v) wa)
_ ()a ob\ o 9 | 19 0 0 2

Rearranging the above equations one can write:

Moy + My, = A* (Myy + M)

Myy — Myg + 2iMyy = A% (Myy — Myy + 2iM,,,)

v ow Ow. 0Ae ¥
—aD(1 —v) ((_— i) )

) OAe~®
N, — iN, = A% (N, — iN,) — 2D (Aewa—;x—) V2 w

(4.28)

u,v

In the above equations, it is noted that the terms Ay, M,,,, M,,, N, and N, have the same
mathematical form as moments and shear forces but do not physically represent these quan-

tities. To get the moments and shear forces normal to the boundary one needs to transform
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the above relations to curvilinear coordinates using equation (4.2):

My + My = A2 (M, + M,,)

My — My, + 2iMy) €729 = A%e=29 (M, — M,, + 2iM,,) e~ %%
pp PP Py

Ow Ow OAe~ ¥
_ _ —ip Sl
2D(1 u)( (55 + i3 )

- i 3,-i0 ~ —i w0Ae N o

(N, —ilNg) e " = A%e™(N, —iN,)e ™ — 2D (Ae —833—) VoW
where M, M,: and N, are the physical bending moment, twisting moment and shear
force per unit length along the contour with the outward normal n, and M, and N, are
the bending moment and shearing force per unit length along the tangential direction. In
the above equation, y,, = 6 + ¢ is the angle between the horizontal axis and normal to
the boundary. The terms M,,, M,,, M,, and N, have the same mathematical form as the
moments and shear forces in polar coordinates p, ¢ in the unit disk and are therefore named
accordingly.

The moments and shear forces in the curvilinear coordinates in physical space can be

written as:

Mnn:A2(M D(1 - ) Re(qzz,( ) ie ))

o (155

Mnt=A2(Mpp+D1—u m( ((g ))

o (205, (5)
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where
Jw . ow

= _—_i._Z—
q (ap paw)

The effective transverse force per unit length along the contour with normal 7 is:

a/\/[nt
‘/n - Nn + Os
oM 1 9A2 (C)
V, = A? (N + =%+ —=——M,, + 2DV ch( >+
P pdy  A2pdyp ’(C)
.2 [ 9q 1 0A% & . 2" —2
D _ - o _ (1’
(1 V)Im( v (8<p+q(A2p6<p+p+Ze ) )

In the following these moments and shear forces are written in terms of the functions ¢ and

X- The derivatives of the deformation w expressed in terms of these functions, are:

ow

— R 7 /— !
o e(Zo+ ¢z +x')
ow _ Re (—iz'¢ + i¢'Z + 1X')
v ‘ X
O%w —_
5z = = Re ("¢ + 227¢/ +2¢" + X")
()Zw i ] N/
by Re (—zz ¢ +1iz¢p +1x )
82 — 2" 7 A =N "
Fel Re( 2+ 274 — ZP —X)
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ow ow ow

o = Cou Ty = el (@T+ G4 X))
ow Jw ow - —
— e ZZ 2 !E Z/ /

0% S5 +cav Im(e¥(dZ+ o+ X))
w 2 M wr " = 7
_8/)2=Re(e (@"Z+2"0+X")+ (¢ + 2¢'))

0w ie 1= oy ’ - g M= "I " v v

o, = [e(— (87 + 20+ X)) +ie™(¢"Z + "9+ X") —i(¢'d' + 2'¢))
pOYdp P

Pw ie"? I— 7 ’ . 25 1= "wr " i i
205 = —Im( 5 (@Z+ 20+ X)) +1e®(d"Z+ "0+ X") —i(¢'2 + Z'¢))

q=—€e¥(#Z+20+X)
¢

) — — — Tad —
g = ST ) + i@+ L) - l—ep—(w +2¢+X)

The moments and the shear forces are then written as:

M, = A? (M,,,, — D(1—v)Re <—e’¢(¢’z + 2o+ x’)i—f&‘»’)) (4.29)
My = A? <MW + D(1 — v)Re <—ei“’(¢'2 + ¢+ X’)Z—fd‘f’)) (4.30)
M, = A? <M,,¢, + D(1 —v)Im (-ai*’((ﬁ +2¢+ x’)i—je“")) 4.31)
N, = A3 (Np +8DRe (2'¢') Re (%«“’)) (4.32)
V,= A (Np + angg %%‘ng +8DRe (7¢') Re ('Z—/eﬂ") + (4.33)

"

. . — — — ie¥ -
D(1 —v)Im (e“"i—, <—z’eg“"(¢”2 + 2"+ X") +i(¢7 +2'¢) — %(d)"z‘ + 2o+ X)

; . _ 1 OAZ 4 s Z”/Z/ _ Z//Z
—€ ¢(¢/Z+Z/¢+X/)(j4"2‘%+I-O‘+'L€‘F—z,;;”—-))>>

In the above equations the terms M,,, M4, M4 and N, can also be written in terms of the
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functions ¢ and x:

# vo v o . _
M, = =D (W += Y ) w=~DRe (e(¢"z2+ "¢+ X")(1—v)
op

pop  p*op?

+(¢'Z + 2 ) (1 +v)) (4.34)
_D 1 - 82 a 1 "— " "
Mo, = (p : (8p8s0 - p8<P> w = D(1—v)Im (e"(¢"Z + "¢ + X")) (4.35)

[ _ 62 1 (? ]. ()2 . DR 240 ( M= nr "
My, =~-D I/a—p2+;5;+ﬁ%2— w= — 6(—6 (¢"Z2+2"¢+ X" )1 —v)

+(¢7 + 2¢)(1 +v)) (4.36)

N, = —Da%v?w = —4DRe (e¥(¢"2 + ¢'2")) (4.37)

Previous studies of the conformal mapping techniques for plate problems did not consider
the derivation of these equations because they are not needed in evaluating the contour
integrals associated with the boundary conditions. In the following, an alternate approach
to solving the boundary value problem is formulated in terms of the new analytical results

derived in this section.

4.3 Numerical Method

In this section a numerical approach is developed for satisfying the boundary conditions
without contour integration. Specifically, the form and coefficients of the analytic functions
¢* and ¢* in equation 4.23 are determined by regression using the results of the previous
section. The form of the analytic functions ¢° and x° for an unweakened plate provides
guidelines on the form of the expansions for ¢* and x*. This means the covariate matrices
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of the regression analysis for ¢* and x* should include functions that are compatible with
the form of ¢° and x°. In other words, using those covariates, one must be able to cancel
the moments and shear forces of the unweakened plate at the near-field due to the functions
#° and x°. To choose these covariate matrices properly we need to investigate the form
of equation (4.5) for w. A close look at this equation reveals that the power of y in z
should be one plus the power of ¢ in z. On the other hand, one notices that the conformal
transformations for rectangular and square holes in equation (4.8) consists of odd powers
of ¢. These facts imply that if ¢ can be written in terms of odd powers of ¢ then x can only
include the even powers and vice versa. To clarify this even further let us consider the case
of a plate under constant moment at far-field. The analytic functions ¢° and x° for this case

have the following form:

$°(¢) = ZCZJ +Zb° ¢y (4.38)

X°(Q) = Z C2’° - Zb (4.39)

k=1
where for the square hole example we have n = 1, m = 2, n’ = 1 and m’ = 3. The

following expansions are then chosen for analytic functions ¢* and x*:
- Z b;¢¥! (4.40)

X' = b ln§+Zb c* (4.41)

k=1

These equations are compatible with the analytic functions ¢° and x° since they can cancel
the moments and shear forces of the unweakened plate at the near-field.
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4.3.1 Imposing boundary conditions via linear regression

To formulate the linear regression problem, analytic functions can be written in the

following matrix form:

¢(¢) = ¢° + Urb

x(¢) = x° + Usb (4.42)

where b is a vector of unknown coefficients and U; and U, are the covariate matrices cor-
responding to ¢* and x*. For the square hole example, the analytical solution for b; can be

expressed as the following vector:

MR

= 6 1 35413 2(7-4v)
b 20D [17+7u 6(3-+v) R = R 5 R

B(1-0)B+r) '3A-nai+7)

T
1 1
2(1-v)(3+v) R72(1—V) :,

where

U1=[g1 430000}, U2:[001n( <N gﬁ]
are the covariate matrices. The above results for b are valid only for a plate with a square
hole under constant far-field moment M [Savin, 1961]. They were obtained through a
contour integration approach. Below it is shown how these coefficients can be obtained
without contour integration for more general hole geometries and loads through the use of
the analytical results in section 4.2.3. The appropriate covariates as explained in section 4.3
are placed in U; and U, matrices corresponding to ¢* and x* respectively. These matrices
are arranged inserting submatrices of zeros such that only a single vector of unknown coef-
ficients is needed for representing ¢* and x*. For the case of constant moments at far-field
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these matrices can be written as:

aG ¢ o Cfm—l 0 --- 0 0 --- 0 In¢g ¢ - 12m’

U= : + =+ + + 0, U

n

oo fm—l 0 --- 0 0 --- 0 In¢g, ¢ - <72Lm’
The rows of the above matrices are the covariates evaluated at n different locations at the
boundary. The moments and shear forces at the boundary of the hole where p = 1 are
evaluated in the direction normal to the boundary using equations (4.29) and (4.33). They
are then set to zero to determine the unknown coefficients of the analytic functions. One

can arrange the equations for the bending moment and shear forces normal to the boundary

as follows:
Vin = ‘/7?71, + ‘/1: = ‘/7? + Uan
where M2 and V,0 are the moment and shear components associated with the unweakened

plate and can be evaluated by substituting the analytic functions ¢° and x° in equations
(4.29) and (4.33). In the above equations, Uy, and Uy, are matrices of covariates cor-
responding to the bending moment and shear forces normal to the boundary due to the
existence of the hole. The matrices of moment covariates are constructed by arranging the
different derivatives of components of U; and U; according to equations (4.29) and (4.33).

Then the following least-squares problem is solved to determine the unknown vector b so
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that the moments and shear forces normal to the boundary will vanish.

This can be rewritten as:

min(Unb + FOT(Ub + F°) (4.43)
where:
UMnn 1\4-’2“
U, = FO =
Uv, Vo

The unknown coefficients b are readily determined by the standard regression equation:

b= (UrU,)*ULF°

4.3.1.1 Numerical results and discussion

As mentioned in section 4.2.2.3, the first step in formulating the linear regression prob-
lem is to find the analytic functions ¢° and x° associated with the unweakened infinite
plate under the specified load. Using the basic plate bending equations in (4.1) the analytic
functions, displacement field, and the moments and shear forces distributions can be deter-
mined. A set of results for the constant and linearly varying moment loads is summarized
in Table 4.1. Using the results in this table and substituting the conformal transformation
in equation (4.24) into the functions ¢° and x°, the powers of ( in ¢° and x° are evalu-

ated. Consequently the regression covariates are chosen to be compatible with the analytic
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Table 4.1: The distribution of moment and shear forces, and the deformation and analytic

functions for a plate without hole under different types of moments at far-field

My | My | My | Ny | Ny w bp Xp
m | 0 0 0 0 — 3B (2? — vy?) — ID(i57) 4137?1{:/)

0 m 0 0 0 —m (z® — vy?) _4D7(rij—u) 4DTEL1Ziu)
mr| 0 | =gl im0 | s (8 ey | g | g
0 (mz| 7% || 0 _20(&/2) (553/2 -V %) _sz)TELiiu) QTZS(J{Z):;)
my | 0 Tiv 0 | | — A7) (yrt2 -V %) . SDiT(nlzju) ;TL():H—VZ;?
0 |my | -7 | 0 | v | ~ma-m (é - ’”Ezy) bt | S

functions ¢ and x° corresponding to the unweakened plate. For constant moment at infin-
ity, six unknown coefficients are used to determine the analytic functions ¢* and x*. For
the case of linearly varying moment at far-field, the powers of z in ¢° and x° is two and
three. Substituting the conformal transformation for a square hole in (4.24), ¢° consists of
even powers of ( to the maximum of six and the terms in x° have odd powers of ¢ to ¢°.

Therefore the following covariates are used in the case of linear far-field moments:

Uy = <2<4<4000000}, U2=[0001ncgg3§5§7<9
A total of nine unknowns appear in vector b in equation (4.42).

Finally, the linear regression formulation is used to obtain the unknown coefficients b
by enforcing the boundary conditions. The coefficients of the analytic functions for the
case of constant moment A, = 1 is determined using the linear regression formulations
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and the procedure explained in section 4.3.1. The results for D =1, R = 35and v = 0.3
are shown in first column of Table 4.2. The coefficients obtained here are equal to the exact
analytical coefficients in equation (4.25) up to sixteen significant digits. In the more general
case of non-constant moments, it is cumbersome to obtain the exact analytical results using
contour integration, and this analysis was not carried out herein. Instead, the proposed
semi-analytical approach was verified by examining the magnitudes of the stresses in the
boundary of the hole. For the case of a constant unit far-field moment M, = 1, the ratio of
maximum absolute value of the normal stress at the boundary to the normal stress due to
far-field moment at the boundary is 1.5987e¢~!4. This proves the accuracy of the analysis.
The results for several other cases of far-field moments are summarized in Table 4.1. The
unknown coefficients are evaluated using the linear regression formulation. In order to
quantify the accuracy of regression analysis the ratio of the maximum normal and shear
stresses to the maximum value of normal stresses due to far-field moment at the boundary
is evaluated. These ratios are shown in the last two rows of Table 4.2. It can be seen
that these ratios are in the order of computational round-off errors, which indicates that
the proposed semi-analytical method provides the same numerical results as those obtained

through contour integration.

4.3.2 Enhancing coarse finite element results

In this section it is shown how the semi-analytical method in subsection 4.3.1 can

be coupled with coarse-mesh finite element analysis to estimate the stress concentrations
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Table 4.2: Coefficients of the analytic functions and ratio of maximum normal stress ¢,, and maximum shear stress 7 to

maximum value of normal stress due to far-field moment o, at the boundary of the hole.

moments | M, =1 M, =1 M,==z M, =y My=2 M,=y

by —5.4974 5.4974 —107.0804 | —78.5256 | 78.52561% 107.0804i
by —0.8838 —0.8838 8.3285 8.3285 8.3285i 8.32851

b3 859.5328 | 859.5328 3.2719 —3.2719 3.2719¢ —3.2719i

by 177.1379 | —177.1379 |0 0 0 0

bs 132.5758 | 132.5758 23359.3952 | 13151.0619 | 13151.06197 | 23359.3952:
be 12.1528 —12.1528 3202.9935 1488.7153 ~—1488.7153: | —3202.9935:
br - - 2021.1429 | 1170.4485 | 1170.4485¢ | 2021.1429:
bs - - 0 0 0 0

by - - —17.2684 | 29.9924 29.9924¢ —17.2684i
On/Ong | 1.5987e"1 | 1.5654e 014 | 4.4823¢7013 | 1.9943¢7013 | 1.7129¢71* | 1.3867¢ 13
T/Onf 2.2725¢ 14 | 4.6455e7%1 | 9.1417e7%13 | 2.5624e7 913 | 2.3750e7%12 | 3.6947¢ 013

7 JHLdVHD
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() (b)

© (@

Figure 4.4: Distribution of moments around a corner for M, = 1 at infinity, (a) : finite
element results with coarse mesh, (b) : finite element results with fine mesh, (c) : exact

analytical solution [Savin, 1961] and (d) : result using linear regression
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(@) (b)

Figure 4.5: Percent error of distribution of moments around a corner for M, = 1 at infinity,

(a) : coarse-mesh finite element result, (b) : result using linear regression

around rectangular holes. The basic idea is to use the finite element results to find the dis-
tributions of stresses in the far field where the coarse mesh can provide results with good

accuracy. For thin plates the relationship between stress and moment is given by:

121

where h is the plate thickness. Once these far-field moments are determined, the moment

distribution around the holes can be computed using the results in Table 4.1 in the following

manner. The distribution of moments can be written as:

MFEM = UmMoo

where Mpg is the vector of moments evaluated at points (zx,yx) for k = 1,2,--- |n

using a coarse-mesh finite element analysis. The matrix U, is the matrix of covariates
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evaluated at (2, yx) and M, is the vector of unknown coefficients for the far-field mo-
ment. The points (xx, yx) are chosen at points in the vicinity of, but not too close to the
boundary because of the errors in the coarse-mesh finite element analysis. The coefficient
vector M, is evaluated by the following procedure. The first step is to determine the matrix
of covariates U,,,. The columns of this matrix are associated with various far-field moments
shown in Table (4.2) at points (x, yx). The components of this matrix are decomposed into
near-field and far-field. The far-field component of U, is evaluated at points (zx, yx) by
substituting the functions ¢° and x° from Table 4.2 into the analytical relations in (4.29) -
(4.31) for constant or linear moments. The near-field component can also be evaluated by
“applying the same procedure to ¢* and x*. However, since the finite element analysis with
coarse mesh does not provide an accurate near-field moment distribution, using the analyt-
ical relations in (4.29)-(4.31) for the near-field components results in inaccurate estimates
for unknown far-field moments. In order to overcome this problem, the near-field com-
ponents of covariates in U, are evaluated using the results of finite element analysis with
coarse mesh as follows. Six separate finite element analyses are performed for the constant
and linearly varying far-field moments shown in Table 4.1. The distribution of moments
evaluated at (xx, yx) from each finite element analysis is the near-field component associ-
ated with the corresponding column of covariate matrix U,,. The covariate matrix is then
obtained by adding these moments to the far-field components and the coefficient vector

M, is determined by the standard regression formulation as:

Moo = (ULUL) " UEMpey
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4.3.2.1 Numerical examples

In the following, the accuracy of the proposed semi-analytical approach is examined
through a series of examples. The first example is a plate with a square hole under constant
moment M, = 1 at the far-field. Figure 4.4 shows the moment distribution around one
corner of the square hole. The distribution of moments using coarse and fine-mesh finite
element, and exact analytical solution are presented and compared with the proposed ap-
proach. The regression points are also shown in the figure as red dots on the coarse finite
element results. As expected, the results from the model with the coarse mesh do not come
close to representing the stress concentrations around the hole. This can also be observed
in Figure 4.5 which compares the error of coarse-mesh finite element results with the pre-
dicted results using the new semi-analytical approach. The predicted moment distribution
by the proposed approach, however, is very close to the exact results of the fine-mesh finite
element analyses.

For the second example, the moment per unit length is:

M,=1+0.2y

As in Figure 4.4, the moments determined by the proposed approach are compared with
exact and two different finite element analyses in Figure 4.6. The far-field moments are
subtracted from the moment distribution so that variations in the near-field moments can
be seen more clearly. As for the constant moment case, the moments determined from the

proposed method are close to the exact and fine-mesh finite element results.
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© (@

Figure 4.6: Distribution of near-field moments around a corner for M, = 1 + 0.2y at
infinity, (a) : finite element results with coarse mesh, (b) : finite element results with fine

mesh, (c) : exact analytical solution and (d) : result using linear regression
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(a) (b)

(© @

Figure 4.7: Distribution of moments around a corner for M, = 1 at infinity, (a) : The
corner that is being analyzed, (b) : finite element results with coarse mesh, (c) : finite

element results with fine mesh, and (d) : result using linear regression
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Figure 4.8: Loading and boundary conditions

A third more complex example is examined to test the versatility of the proposed analyt-
ical method. A plate with two diagonally staggered holes is considered as shown in Figure
4.3. The moment distributions for the proposed method and the fine- and coarse-mesh fi-
nite element analyses are compared in the region shown in Figure 4.7. The distribution
of moments is more complicated due to the interactions between the two holes. As be-
fore the coarse-mesh finite element model results miss the stress concentrations. While
the moments evaluated using the proposed numerical approach have a spatial pattern that
is somewhat different than the fine-mesh finite element results, the magnitudes of the mo-
ments are very similar. |

In the final pair of examples a cantilever plate with two holes is examined. The plate is
analyzed under two different types of loads shown in Figures 4.8 and 4.10. The moment
comparison in Figures 4.9 and 4.11 show that the proposed semi-analytical approach is
accurate in predicting the magnitude of moments, but it is not accurate in reproducing the

spatial patterns found by the fine-mesh finite element results. One reason is that the semi-
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Figure 4.9: Distribution of moments around a corner for loading shown in Figure 4.8, (a)
: finite element analysis results with coarse mesh, (b) : finite element analysis results with

fine mesh and (c) : result using linear regression

159



CHAPTER 4.

[ |
I ‘ |
B R N R R A R A R AR T A OO

Figure 4.10: Loading and boundary conditions

analytical formulation can model only constant and linearly varying far-field moments.

4.4 Conclusion

A semi-analytical method is developed to enhance the results of coarse-mesh finite ele-
ment analysis around rectangular holes. The method of complex variables [Muskhelishvili,
1975] is used to evaluate the distribution of moments for a plate with square hole. Un-
like previous studies, in the proposed method a numerical approach based on least-squares
technique is used instead of contour integration for satisfying the boundary condition at the
interior of opening. The proposed method is used to solve bending of a plate with hole un-
der constant and linear far-field moments. The results are then used to enhance the results
from a coarse-mesh finite element analysis to determine the stress concentrations around
the openings. The proposed approach is very useful for complex and large finite element

models where using fine meshes around each opening is not feasible.
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Figure 4.11: Distribution of moments around a corner for loading shown in Figure 4.10,
(a) : finite element analysis results with coarse mesh, (b) : finite element analysis results

with fine mesh and (c) : result using linear regression

161



CHAPTER 4.

A series of example studies were used to assess the accuracy of the proposed approach.
It was found that the magnitude of the stress concentrations can be determined, but the
spatial stress distributions are less accurately reproduced. This is due to the fact that only
linearly varying moments at the far-field were considered. Future studies will include more
general variations of the far-field moments to make the proposed method more versatile.
They will also include the investigations on how the interaction with the adjacent holes will

affect the quality of results.
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Vibration of cylindrical shells-review

and minor extensions

In the next generations of high-speed trains, the passenger cars are designed as essen-
tially shell-like structures to provide more strength and stiffness. The vibration behavior
of these structures are somewhat similar to the vibrations of cylindrical shells. The stress
distribution in the car body and a cylindrical shell in Figures 5.1 and 5.2 illustrates this
resemblance.

The similarity between the mode shapes of these two structures, vibrating in low and
higher frequency, motivates the vibration study of cylindrical shells. The goal of this study
is to understand the behavior of the shell vibrations in relation to the shell properties using
basic principles of mechanics.

In this chapter the free vibrations of cylinders is studied. The mechanics of compos-
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throcaon « 10}
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Figure 5.1: Distribution of stresses in car body and cylindrical shell for low frequency

modes
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Figure 5.2: Distribution of stresses in car body and cylindrical shell for high frequency

modes
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ite laminates and the vibrations of cylindrical shells are briefly reviewed. The numerical
method for solving the exact equations for the natural frequencies and mode shapes is
also reviewed and compared with the energy approach for solving the free vibration prob-
lem. The approximate energy method is extended to solve for the natural frequencies and
mode shapes using the Fliigge instead of the Love-Timoshenko shell theory [Sharma and
Darvizeh, 1987]. In deriving the Fliigge shell equations there is no approximation other
than Kirchhoff hypothesis which results in more accurate equilibrium equations. In Chap-
ter 6, perturbation is used to find approximate analytical expressions for the dispersion
relation and to develop a simple approach to solve for the natural frequencies and mode

shapes of cylinders.

5.1 Literature review of vibrations of composite

cylinders

Composite materials are widely used in engineering applications because of their favor-
able properties such as high strength or stiffness to weight ratio. Cylindrical shells are also
used in many vehicle structures and aircraft components. Therefore there is a considerable
interest in studying the behavior of composite cylinders.

A comprehensive review on different theories of shell vibration is summarized in the
classical treatise by Leissa [1973]. The theories are based on Kirchhof assumptions which

states that normals to the undeformed midsurface remain straight and normal to the de-

166



CHAPTER 5.

formed midsurface. Different assumptions in the strain-displacement equations result
in different shell theories such as the Fliigge, Love-Timoshenko, Sanders, and Donnell—l
Mushtari theories. Each of these theories lead to their own set of equations of motion.
A comprehensive study of other strain-displacement relationships can be found in Leissa
[1973]. There are also several methods to solve these equations. Herein, the focus is on
semi-analytical methods such as Fourier series and energy approaches such as the Rayleigh-
Ritz technique to find the natural frequencies and mode shapes of composite cylinders. A
review of numerical methods such as finite element and finite difference is not included
herein.

The vibration characteristics of cylinders was studied for limited types of boundary
conditions such as simply supported ends [Leissa, 1973]. The frequencies and mode shapes
were evaluated using a Fourier series expansion in both longitudinal and circumferential
directions. Forsberg [1964, 1969] solved the Fliigge shell equation for several kinds of
boundary conditions for isotropic cylindrical shells. An eighth-order algebraic equation is
solved iteratively to determine the natural frequencies.

A brief review of different methods used in literature to obtain the solutions for the
natural frequencies and mode shapes of cylindrical shells is summarized in Table 5.1. Dong
[1968] used Fourier series expansions of the shell displacement field using the Donnell-
Mushtari shell equations. C. W. Bert et al. [1969] solved the equilibrium equations to find
the natural frequencies of symmetrical and unsymmetrical laminates. Shao and Ma [2007]

used the Fourier series expansions for the axial displacements. Sharma and Johns [1971]
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and Sharma and Darvizeh [1987] used the Rayleigh-Ritz energy approach for isotropic and
anisotropic material under several boundary conditions. Lam and Loy [1995] assumed that
the longitudinal component of the mode shapes is a beam mode. Using the Ritz method
on the Lagrangian function associated with the energy method, they obtained a sixth-order
equation for determining the natural frequencies. Ip et al. [1968] used experiments as
well as the Rayleigh-Ritz energy method by utilizing the characteristic beam functions in
axial direction to study the vibration characteristics of cylinders. In Sharma [1974] the
functions in longitudinal directions are assumed to be the combination of the beam mode
shapes for clamped-free and clamped-pin beams which leads to sextic and cubic equations
respectively. Simplifications are introduced to the problem by assuming zero hoop and
shear strains in both strain and kinetic energy expressions, leading to quadratic and linear
equations. This gives good resulits for long shells. The linear expression for the frequency
parameter is improved in Sharma [1977] by assuming zero shear and hoop strains only in
kinetic energy.

The focus of this chapter is to examine the free vibration of free-free composite cylin-
drical shells. In section 5.2, the mechanics of composite laminates and in section 5.3, the
vibration theory of cylindrical shells are briefly reviewed. It is shown how the equations
of equilibrium and the boundary conditions are obtained using Hamilton’s variational prin-
ciple and how the solution to the equilibrium equations are determined using a numerical
iterative approach. These results are presented primarily as background information for

chapter 6.
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Next, in section 5.3.2 the approximate solution for the vibration of cylinders using the
energy method is reviewed and the frequency and mode shapes are obtained for Fliigge shell
theory. The solution to the Fliigge shell equations for orthotropic cylinders with free-free
boundary conditions is not found in the literature, hence this minor extension to existing

theories and methods appears to be a new contribution.

5.2 Review of the mechanics of fiber-reinforced

composites

The car body shell is essentially a curved orthotropic shell. Here, we generalize the
material to include laminated composites.

Each layer in a fiber-reinforced composite consists of long and continuous fibers em-
bedded in a matrix material. This type of the composite material, when properly designed,
can be efficient in terms of stiffness and strength. The fibers can be parallel to each other
(unidirectional), can be perpendicular to each other (cross-ply or woven fabric), or can be
oriented along different directions (multidirectional). Laminated composites are composed
of different layers, called ply or lamina, which are bonded together. A lamina or ply is a
plane layer of a unidirectional fiber or woven fabric in a matrix. Let the first principal axis
of a lamina x; be in the fiber’s direction. The second direction x5 is in the plane and the

third one 3 is normal to the plane of the lamina [Daniel and Ishai, 1994].
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5.2.1 Lamina mechanical properties

In the case of anisotropic materials there is no plane of symmetry, the state of stress
and strain at any point can be expressed by second-order tensors of stress and strain. The

relationship between the stress and strain tensors o;; and €;; can be written as:

05 = Cijki€ri 5.1)

where C is a fourth-order tensor of stiffness. Noting that the stress and strain tensors are

symmetric, the stress-strain relationship can be reduced and rearranged as follows:

o1 Cin Cia Ci3 Cuu Cis Cis ( €1
o2 Ca Ch Coz Cog Cas Cye €2
03 Cs1 Czp Csz Csy Cs5 Cag €3
= 5.2)
T23 Cu Ca Cuz3 Cys Cus Cas Y23
T13 Cs1 Csz Cs3 Csqy Css Cse Y13

K T12 ) \ Cer Ce2 Ce3 Coa Ces Ces Yi2 )
Here C;; are the components of the stiffness matrix [C] in the z;, x5 and 23 coordinate

system. This equation also can be written in terms of compliance matrix S = [C]~!

{e} = [SH{o} (5.3)

where {¢} and {o} are the strain and stress vectors. Using path independency of strain
energy, it can be shown that the stiffness and compliance matrices are also symmetric.

Therefore the stiffness matrix, in general, has only 21 independent components.
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For orthotropic materials there are three perpendicular planes of symmetry, usually
chosen such that they are perpendicular to the symmetry planes. For such materials, normal
stresses do not produce shear stresses. Therefore, it can be concluded that Syy = S5 =
St = Saq4 = Sos = Sog = S34 = S35 = S3g = 0. Another argument can be used for
applying the shear stress to show that Sys = Sy = Ss¢ = 0. Hence the stiffness matrix can

be expressed in the following form:

/011 Cis Ci3 O 0 0
Crn Can Oy 0 0 0

Cis3 Cy Csz3 O 0 0
5.4)

5.2.1.1 Thin lamina

For thin unidirectional lamina, if the forces are applied in the plane of lamina, the plane

stress approximation can be used as follows:

03 =Ti3=Toz =0 (5.5)

Therefore the stress-strain relationship is:

o1 Qu Q2 Qe €1
gr | T | Quz Qa2 Qu € (5.6)
T12 Qe Q26 es M2
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where »
Qu Gz Qs Su Sz Sie
Qiz Q2 Q6 | = | Sz Sz S 5.7
Qs Q26 Qes S16 S26  See

In the above [Q] and [S] are the stiffness and compliance matrices for the plane stress
condition. The components of the stiffness matrix can be determined using Hooke’s law

and considering the plane stress approximations as follows:

Eq
Qu=——"—
1~ viav
Es
Q= —"—
1 — v
var En vigky
1—wvipvor 1 —viovm;
Qe = G12

where F; and Es are the elastic moduli, in which subscripts 1 and 2 correspond to directions

parallel and perpendicular to the fiber and v12 and 1»; are the Poisson ratios.

5.2.2 Mechanical properties of laminated composites

In this section, the stiffness matrix for a laminated composite is reviewed. The analysis

is based on laminated plate theory under small deformations. It is assumed that:

e The strains vary linearly across the thickness of the laminate
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e The shear deformations are negligible and can be disregarded

e The out-of-plane normal stress ¢, and the shear stresses 7., and 7, are negligible

comparing to the in-plane shear stresses

It is concluded from the above approximations that the plane-stress assumptions can be
used to determine the stiffness of the laminated composites [Kollar and Springer, 2003].
Since we are interested in symmetric laminates, the reference plane is the midplane. The
strain in the midplane can be written in terms of the in-plane displacement components as

follows:

_ ou B ov Ju Ov

€z = 3% €y = 3 €ay = + (5.8)

and the strains at a general point are:

€ €z Ky
ey = ey + < K'y (59)
Yy €xy Ry

where z is the distance from the reference plane and:

*w 0w 20%w
o __dw 1
" Bzz oy? oy dxdy (5.10)

are the curvatures of the midplane. In order to evaluate the in-plane forces shown in Figure

5.3 the stresses first need to be evaluated and integrated along the thickness of laminate:

he hg he
Ng = / o.dz N, = oydz Ney = / Tayd2 (5.11)
—hy —hy —hy
he ht he
M, = 20.dz M, = / zoydz Mgy = / 2Tgydz
—hy —hy —hy
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where N and M are the in-plane forces and moments per unit length, and /; and h,, are the
distances to the top and bottom of the laminate from the midplane. In order to calculate
the internal in-plane forces, for each lamina the stresses in the principal directions must be

transformed to the x, y, z coordinates. Therefore for each lamina one can write:

Og @11 @12 @16 €z
oy | = | Q2 Qn Qux €y (5.12)
Tay @16 @26 @66 Yay
where
-1
Qn @ Qe ¢ 2 2cs 2§ cs
[@_] = @-12 @22 626 = 52 (12 —2(,'8 [Q] 32 C2 —CS
Qs Qs Qs —cs ¢s 2 —s? —2¢s 2¢s 2 —g?

(5.13)
In the above equation ¢ = cos § and s = sin §, where § is the angle between the first axis of
the laminate, z, and the first principal axis of the lamina. Noting that the matrix [Q] does
not vary across each ply, the integrals in equation (5.11) can be written as summations. The

in-plane forces and moments can be related to the strains and curvatures of the midplane as
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follows:
Ny An Az A Bu Bz Big €z
N, Aia Az Age Bz By By €y
Ny B Ae Axs Ass DBis Do DBes Yy
M, Bu Biz Bis Du Diz Dis Kz
M, Bia B2 Bas Diz Doy Dog Ky
M, \ Big Bos Bgs Die D2 Des k Kay
where:

k=
1 1" -

Bij = 52(@@%( %k — Zio1) (5.14)
1 k;—{'l -

Dy; = 3 Z(sz)k(zk — zi1)

Here K is the total number of plies and z; and z_; are the distances from the reference
plane to the top and bottom surfaces of the k** ply. The matrices A, B and D are the

stiffness matrices of the laminate.

5.3 Vibration of thin cylindrical shells

In this section, the vibration of cylindrical shells is briefly reviewed. Let u, v and w be
the axial, circumferential and radial displacements and r, § and x be the corresponding axes
in cylindrical coordinates. Let z be the distance from the reference plane. It is assumed
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Figure 5.3: Internal forces in a plate

that:

The thickness of the shell is small compared to the radius.

The displacements are small such that second-order terms can be neglected. This

assumption results in linear differential equations.

The transverse normal stress is negligible comparing to the other normal stresses.

Normals to the middle surface remain normal and straight after deformation (Kirch-
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hoff’s Hypothesis) which results in:

Yex = Yz0 = €z = 0

The strains and curvatures of the midplane of a cylinder are related to its displacements

using the following equations [Leissa, 1973]:

_ ou
e = oz
_1ov w
““Ro0 R
dv 10u o
€x0 — % + —ﬁ% (515)
*w

1 fov Pw
TR\ 00 T o
o 2 (v Fw
" R\0z 000z
These strain-displacement relationships can be simplified using physically motivated as-

sumptions. In Fliigge shell theory no other simplifications are assumed and the total strains

are obtained as [Leissa, 1973]:

er = (€ + 2Kz)

eg = (eg + 2Kg)

1+ %

=z (02 (1r50) )
%r:o—l+ €zo T 2 2RT

S
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For instance, in Love-Timoshenko shell theory it is assumed that z/R is negligible com-

pared to unity, leading to the following strain-displacement relationships:

€r = € + 2K,
€p = €p + ZKp

Voo = €z6 + 2T

A comprehensive study of other strain-displacement relationships can be found in Leissa

[1973].

5.3.1 Equations of motion and boundary conditions: a

variational formulation

In this section, Hamilton’s variational formulation is used to find the equations of mo-
tion and boundary conditions for a cylindrical shell. The analysis begins with Hamilton’s
Principle [Soedel, 2004]

t2
6/ (T -U)dt=0 (5.17)
t1

where T is the kinetic energy:

1
= / p (i + 0% + 0?) Rdfdxdz
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and U is the elastic strain energy:

- 4T - i ( )
Ce Qu G Qs €y
1 -~ g JE—
U - 5/—(, €y Q12 Q22 Q26 ey Rd@d:cdz

@16 626 666 Yy

Yy

-

For convenience, the formulations are written for a cylinder with unit radius. The results
can easily be converted to the general case by scaling the wave number and stiffness matrix.

Using the Love-Timoshenko shell theory assumptions, the total strains are:

Cr = Uy — 2Wyy
€g = Vg + W+ Z(’Ug — 'LUgo)

V2o = Ug + Vg + 22 (Vy — Way)

In these expressions the indices of u,v and w indicate partial derivatives. The potential

energy can be written as:

1

U:§

/ (Qll(uz — 2Waa)? + 2 (U — 2Was) Qo [Ve + w + 2 (Vg — weg)] +

v

2 (uz - sz:l;) @16 [Ua: + Ug + 2z (Uz - wx@)] + 622 [UB +w+2z (UG h w90)]2 +
2 [vg + w + 2z (v — Wweg)] Qog [V + g + 22 (Vz — W zp)] +

Qes [z + ug + 22 (v, — ww)]2) dv

Here we assume that the laminates are symmetric so that B = 0 in equation (5.14) . Taking
the variational operator inside the integral, substituting Q;; from equation (5.13) and per-
forming the integration in the thickness direction, the variation of the potential and kinetic
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energies can be written as:

SU = /(A”u,,.éuz + Dy1wWegdway + Ao (U0 (Ve + w) + (vy + w) duy)

— D1g (w0 (Vo — wap) + (Vo — Wee) OWgy) + Ate (U0 (Ve + ug) + (Vi + up) duz)

— 2D16 (Wys0 (Vg — Wze) + (Vp — Wie) OWaz) + A2z (vg + w) I (ve + w)

+ Das (vg — weg) 0 (Vg — Wag) + Ass ((vg + w) 0 (vg + ug) + (Vg + ug) 8 (v + w))

+ 2Dqg ((vg — Weg) 0 (Vg — Wap) + (Vg — Wap) 0 (Vg — Wag)) + Ase (Vs + ug) 8 (Vz + ug)
+ 4Dg6 (Vo — Wap) 0 (Vs — wee))dV

6T = / p (46t + 980 + W) Rdfdzdz
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Finally, after integrating by parts equation (5.17) becomes:

/(Auuz + Alg ('U() + 'UJ) + A16 (’Ul- + U(})) dudf+
¢

| Aigus + Aes (Vz + Up) — 2D16W4e + 4 Des (Vg — Wap)
/ ov+
0

+Aag (Ve + w) + 2Ds6 (v — Weg)

—D11Wazs + (D12 + 4Deg) (Vog — Wree) + 2D16 (Vag — 2Weq0)
/ dw+
6

+2Dag (veg — weeg)

/(anm - Dlg (Ue — ’(Ugg) — 21)16 (’l);l; — U)xg)) (s'll)z”{“
[

Au’llrzm + A12 (’l)xg + wl) + A16 (’Uzz + 2’ll,x9) + A26 (’l,’gg + 'U)g)
/ — dudV+
v

+Aes (Vzo + Ugg) — pril
A1z — D12Wazg + A2z (ves + we) + D2a (Ve — Woes)
/V — | +Ass (vew + tz6) + 4Dss (Vaz — Wazn) + Arelias — 2D16Waqy | VAV +
+ Ao (2v05 + we + 1ge) + 4D26 (V2o — Wapp) — prV
—D11Weaze — Attt + D12 (Vazs — 2Wanpe) — A22 (vo + w)

/V ~ | +Da22 (vsss — esse) + 2D16 (Vize — 2Wasap) — A (va +1ug) | OWAV =0

+4 D26 (V299 — Wagee) + 4 D66 (Vzzg — Wezee) — pTW
Since the variational displacements du, dv and Jw are arbitrary this equation can only be
satisfied when the integrands inside the double and single integrals vanish. This results

in three equilibrium equations and four equations for the boundary conditions. The final
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equilibrium equations are:

AnUag + 2A16Ua0 + Asstoo + A16Vsz + A26os + (A12 + Ags) Vao + Arawe
+ Asgwyg — prit =0

AseUas + (Arz + Ags) tzs + Azstig + (Ass +4Dg6) Vaz + 2 (A2 + 2D2g) Vrg
+ (Ag2 + Da2) vgg + Azewsz + Asewy — Dagwegg — (4Des + Di12) Wazg

— 2D16Wqgr — 4D26We99 — prt = 0

Araug + Agsutg + Aoevs + Aszvp — (D12 + 4Des) Vazs — Dazoss

— 2D16Veqz — 4D26vzg0 + Angw + 2 (D12 + 2 D16 + 2De6) w260 + D2owagss

+ 4Dogwegpp + D11Wazee + pr0 = 0

which can be written in an operator form as:

Ly Ly Lgs u 0
Lia Loy Lo v | =10 (5.18)
Lys Loz Lss w 0
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where:
82 82 02 82
Ly = Au( + 2A16() 99 + Ass 6502 ~ PT o
92 52 52
Liz = La=Aw53 6 52 + (A12 + Aes) 55 Az 8«9 + Az 6562
19} o)
= = Aos—
L3 L3 = A12a + Ags 20
o2 02
Ly = (Aes+ 4D66) 5 +2(Ass +2D26) sz 5200
0 0 e
Ly = L3pp= A268 + Agpp > 50 — Dyy—s 265 — (D12 +4D¢s) 75
83 33
2Dy — 4Py e
ot ot
L3z = Ago + 2 (D12 + 2D + 21)66) 51‘28—92 + Dgzw
04 84 82
D5 o T Puga tirga

The boundary conditions are:

du=0, Anug + A (vg + w) + Agg (vg +119) =0

+ (Agz + Dag) 2%

82

32

- pTé‘ﬁ

dv = 0, Alguw + AGG ('Uz + Ue) — 2D16w$x + 4D66 (Uz - w;,;g) + A26 (’Ua + ’LU)

+ 2[)26 (’Ug — 'LUgg) =0

dw =0, —D11Wagy + (D2 + 4Dgg) (Vo — Waoo) + 2D16 (Vaz

+ 2D (vog — wegg) = 0

dwg =0, Dy1wyy — Dia (ve — weg) — 2D16 (v — Wag) =

184
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5.3.1.1 Exact numerical solution

In this section the solution for the mode shapes and natural frequencies of a free-free
cylinder is obtained using an iterative numerical approach. First the solutions to the mode
shapes are expressed as a Fourier series in circumferential direction and an exponential

series in the longitudinal direction:
u= Z Cjaje’\"””eme, v = Z Cjﬂje’\j””emo, w= Z Cje’\f'meme (5.20)
J J J

Substituting the above solutions, the equilibrium equations in (5.18) can be written in ma-

trix form. ~ - -
Eu By Egs a
By Ezn Ex 5 e’ =0 (.21
Evy Eyz Ess 1 J

where:

B = ApXi42indAg —n?Ags +1

Eiy = AA? +inA (Aig + Ags) — n’Ag

Eis = Ap)+indgg (5.22)
Eyp = (Ass+4Des) N2 + 2in\ (Agg + 2Dog) — n? (Agy + Do) + 1

Ey3 = Mg+ inAy —inA? (Dyg + 4Dgs) — 20 Dig + 4n®ADgg + in® Doy

FEss = Agpy— 2n?\? (D12 + 2D + 2D56) + n4D22 — 4in3)\D25 + /\4D11 -7

in which n = prw?, and pr = [ pdz.
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The eighth-order characteristic equation giving the so-called dispersion relationship
between the frequency parameter 7 and wavenumber ) is given by | E| = 0. For each 7, the
characteristic equation yields eight values of A\. Furthermore for each A, the corresponding
amplitudes of the displacements, « and 3 can be determined from equation (5.21). To
obtain the natural frequencies and mode shapes, the boundary conditions must be satisfied.

For a free-free cylinder the boundary conditions are:

AL
N, = Z (Au/\jaj + Aq2 (ZTL,B] + 1) + Ag ()\j,Bj + inaj)) CjeiT =0 (5.23)

J

;L
M, =Y (D}A2 = nDuy (iB; + n) — 2\ D16 (B; — in)) Cje* > =0 (5.24)

J

Nz() — MIg/R = Z (Am/\jaj + A66 ()\jﬁj + ina’j) - 2D16)‘J2'+

J

AL
4/\jD66 (ﬁj - LTL) + Azs (L’I’LﬁJ + ].) + 27’LD26 (Lﬁj + n)) Cj(iiT =0 (525)

Q= Z (=D11A3 + n); (D12 + 4Des) (i85 + n) + 2X\5 Dyg (B; — 2in) +
j

A]-L
2n® Do (—B; +in)) Cje* = =0 (5.26)

An iterative approach is used to find the natural frequencies and mode shapes of cylinders.
For each value of 7 the corresponding )\;, «; and j3; are evaluated using the dispersion
relation in (5.21). The obtained values are then substituted into the boundary conditions in

(6.5)-(6.8), and rearranged to the following matrix form:
NC=0 5.27)

where C is the vector of unknown coefficients C; for j = 1,2,---8. In order to have
nontrivial solutions we must have |N| = 0. Solving this equation numerically the natural
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Table 5.2: Properties of the isotropic copper pipe

Length 2133 (m)
Thickness 75774 (mm)
Radius 10.8 (mm)

E (Elastic modulus) 129.35 GPa
v (Poisson ratio) 0.34

p (Density) 8970(K g/m?)

frequencies of the cylinder is determined. The coefficients C; can then be evaluated from
the equation (5.27). The obtained values for \;, ;, 3; and Cj is substituted into equation

(5.20) to obtain the mode shapes.

5.3.1.2 Numerical results

As an example, the natural frequencies and mode shapes of a copper cylinder are eval-
uated. The properties of the copper pipe are shown in Table 5.2. The natural frequencies
of the copper pipe using the solution of equations (5.21)-(6.8) and finite element analysis
are compared in Table 5.3. Figures 5.4 and 5.5 compare the solutions for the mode shapes
associated with circumferential wave number n = 1. In the finite element model using
ABAQUS general shell element 54 is used where Sanders-Koiter shell theory is utilized in
element formulations [Abaqus documentation, 2007]. The model consists of 161 and 80

shell elements in longitudinal and circumferential directions. Figures 5.6 - 5.8 show the
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Table 5.3: Natural frequencies of copper pipe using numerical method for solving equilib-

rium and boundary conditions, compared with finite element analysis

n f(Hz) f(Hz) (ABAQUS) % error
1 2097 2103 0.2
1 5206 5219 0.2
2 3200 3178 0.6
2 3208 3186 0.7
2 3331 3310 0.6
2 3836 3820 0.4
2 4963 4960 0.0
2 6676 6688 0.2
2 8809 8837 0.3
3 9041 8973 0.7
3 9050 8981 0.8
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(2097 Hz)

Figure 5.4: Mode shape associated with n = 1 using exact numerical solution

mode shapes associated with circumferential wave number n = 2 using equations (5.21)-
(6.8) and Figures 5.9 - 5.11 show the corresponding mode shapes calculated by finite ele-
ment analysis. Figures 5.12 and 5.13 compare the mode shape results for circumferential
wave number n = 3. It can be seen that the natural frequencies and the mode shapes
obtained from equations (5.21)-(6.8) are in close agreement with the finite element results.

As another example, we consider the more general case of an orthotropic cylinder with
properties shown in Table 5.4. The natural frequencies of the cylinder obtained using
equations (5.21) - (6.8) and finite element analysis are compared in Table 5.5. The mode
shapes for circumferential wave number n = 1 are presented in Figures 5.14, 5.15 and 5.16,
5.17 and those for n = 2 are shown in Figures 5.18- 5.23. As in the isotropic example, the

results obtained from equations (5.21)-(6.8) are in close agreement with the finite element
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(2103 Hz)

Figure 5.5: Mode shape associated with n = 1 using finite element analysis (ABAQUS)

(3200 Hz)

T T T

Figure 5.6: Mode shape associated with n = 2 using exact numerical solution
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(3208 Hz)

Figure 5.7: Mode shape associated with n» = 2 using exact numerical solution

(4963 Hz)

Figure 5.8: Mode shape associated with n = 2 using exact numerical solution
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(3178 Hz)

Figure 5.9: Mode shape associated with n = 2 using finite element analysis (ABAQUS)

(3186 Hz)

Figure 5.10: Mode shape associated with n = 2 using finite element analysis (ABAQUS)
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(4960 Hz)

Figure 5.11: Mode shape associated with n = 2 using finite element analysis (ABAQUS)

(9050 Hz)

T Ty

Figure 5.12: Mode shape associated with n = 3 using exact numerical solution
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(8981 Hz)

Figure 5.13: Mode shape associated with n = 3 using finite element analysis (ABAQUS)

Table 5.4: Properties of the orthotropic cylinder

Length 7.514n

Thickness 0.0169 in

Radius 0.3642 in
Layup  [90 090900 90]
E11 4.3¢" Psi

E22 8.2¢° Psi

G12 7.0e5 Psi

NU12 0.25

p (Density) 1.50104e~* (slug/in®)
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Table 5.5: Natural frequencies of orthotropic cylinder using numerical method for solving

equilibrium and boundary conditions, compared with finite element analysis

n f(Hz) f{(Hz)(ABAQUS) % error
1 3985 3987 0.0
1 7652 7657 0.0
1 11333 11342 0.0
2 7280 7138 2.0
2 7431 7289 1.9
2 8104 79176 1.6
2 10984 10904 0.7
3 20599 19734 4.3
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(3985 Hz)

Figure 5.14: Mode shape associated with n = 1 using exact numerical solution for or-

thotropic cylinder

(7652 Hz)

Figure 5.15: Mode shape associated with n = 1 using exact numerical solution for or-

thotropic cylinder
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(3987 Hz)

Figure 5.16: Mode shape associated with n = 1 using finite element analysis (ABAQUS)

for orthotropic cylinder

(7567 Hz)

Figure 5.17: Mode shape associated with n = 1 using finite element analysis (ABAQUS)

for orthotropic cylinder
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(7280 Hz)

Figure 5.18: Mode shape associated with n = 2 using exact numerical solution for or-

thotropic cylinder

analysis results.

5.3.2 Approximate solution using Rayleigh-Ritz tech-

nique

It is noted that the only approximations in equations (5.21)-(6.8) are the approximations
in the strain-displacement relations of the shell theory. The only problem in the numerical
approach based on these equations is that numerically finding some of the solutions, 7, is
difficult. Hence approximate methods are often used for finding the natural frequencies

and mode shapes of cylinders. One method is to use the Fourier series expansions for the
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(7431 Hz)

Figure 5.19: Mode shape associated with n = 2 using exact numerical solution for or-

thotropic cylinder

(8104 Hz)

Figure 5.20: Mode shape associated with n = 2 using exact numerical solution for or-

thotropic cylinder
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(7135 Hz)

Figure 5.21: Mode shape associated with n = 2 using finite element analysis (ABAQUS)

for orthotropic cylinder

(7289 Hz)

T

Figure 5.22: Mode shape associated with n = 2 using finite element analysis (ABAQUS)

for orthotropic cylinder
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(7976 Hz)

Figure 5.23: Mode shape associated with n = 2 using finite element analysis (ABAQUS)

for orthotropic cylinder

longitudinal dependence of mode shapes. Here the approximation arises from the trun-
cation of this series. It is noted that no truncation is performed in the numerical method
explained in section 5.3.1.1 and the solutions obtained from the dispersion relation and
boundary conditions equations in (5.21)-(6.8) are exact and the only approximation is due
to the root finding procedure in numerically determining 7. The most commonly used ap-
proximate technique to compute the natural frequencies and mode shapes of the cylinder is
the Rayleigh-Ritz technique. In the simplest form of this approach, one writes the modal
displacements as the product of two appropriately defined functions, one in the axial co-
ordinate and the other in the circumferential coordinate. These functions are chosen such

that they satisfy the boundary conditions. The case of simply supported cylinders is the
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most straight forward because trigonometric functions can be used in both directions. If we
denote m and n as the wave numbers in the axial and circumferential directions, then we

have:

mnzx ;
Ummn = Ay, COS cos nfe*mnt
. mnr . -
U = sin ——— sin nfe*mnt (5.28
mn mn
4

mne .

Wmn = Crnn COS cos nfemnt

where U, Umn, and u,,, are the modal displacements in axial, circumferential and radial
directions. The coefficients Ay, By, and C,,, are the amplitudes of the modal displace-
ments in each direction. For each pair of wave numbers, m and n, the amplitudes A, B
and C,,,, as well as the natural frequencies w,,,, must be evaluated. As noted in section 5.1,
Sharma and Darvizeh [1987], Sharma and Johns [1971] have shown how this can be done
using the Rayleigh-Ritz technique.

For the free-free cylinder, a slightly more complicated function is needed for the lon-
gitudinal component. The typical procedure is to use a two-term truncated series expan-
sion for this longitudinal function. The form for this function is obtained using beam-like
modes. This results in solutions with surprisingly good accuracy particularly for longer
shells. Furthermore if the shell is very long (L/mR > 8) then classical beam theory may
be used for finding the n = 1 mode shapes of the cylinder. In the next section we review
the derivations of mode shapes for a free-free Euler-Bernoulli beam. These mode shapes

are then used in the Rayleigh-Ritz method as explained above.
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5.3.2.1 Mode shapes of a free-free Euler-Bernoulli beam

The equation of motion for an Euler-Bernoulli beam with mass per unit length m and

constant flexural rigidity E1 can be written as:

H*w A%w
+m—= =0

Elga tmae

If the beam is free at both ends the boundary conditions can be expressed as:

w Bw
M=F[— =0 V=—-FI
Ox? ’ Ox3

=0

at x = 0, L, where M and V are the bending moment and vertical shear force. The j**

mode shape can be written as:
b =D Ciye™s*
k

Therefore, the dispersion relationship between the frequency and wavenumber is:

2
TTLWj

At —
EI

=0 (5.29)

If s; = {/mw?/EI, then the solutions to the above equation are £s; and +is;, and one
can write:

¢; = Cysins;x + Cycos 85z + Casinh s;x + Cy cosh s;x (5.30)
Let A\; = s;L, then substituting the above equation into the boundary conditions one can

write:

0 -1 0 1 1 1
-1 0 1 0 Ca
=0 (5.31)
—sinA; —cos); sinh); cosh A Cs
—cos)A; +sin); cosh); sinh ) Cy

203



CHAPTER 5.

Table 5.6: Frequency number \; = L¢/mw?/EI for free-free beam for the first 5 modes

j Aj

1 4.73004074

2 7.85320462

3 10.9956078

4 14.1371655

5 17.2787597

In order to have non-trivial solutions for the above equations the determinant of the matrix

must be zero which results in the following equation:
cos A\jcosh A; =1

Solving the above equation numerically, the wavenumbers ); are evaluated. The first five
wavenumbers are shown in Table 5.6. Once the wave numbers are obtained the unknown
coefficients C; for mode shapes are determined using equation (5.31). Finally, the gt

natural frequency is w; = \/A;EI/mL and the j** mode shape ¢;(z) is obtained from

equation (5.30):

AT Ajz coshAj—cosh; [ . . Az . NT
= cos 222 A TR T R 237 Vg 32
¢; = cos 7 + cosh 7 sinb A, = sim sinh T + sin 7 (5.32)
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5.3.2.2 Frequencies and mode shapes of a free-free composite cylinder

As explained in section 5.3.2 in the approximate method one must assume the mode
shapes. It has been shown that the beam mode shapes can be used instead of the trigono-
metric terms in equation (5.28) for the dependence in the longitudinal axis. The solution to

the equations of motion can be written as {Sharma and Darvizeh, 1987, Blevins, 1979]:

tWmnt

Umn = A'rnn(b;n(m) cos nfe

Vrn = Bun®m () sin nhemnt (5.33)

Wi = Crandm () cos nfe™mnt

where ¢,, is m**

beam mode shape given in the equation (5.32) and, as before, w,,,, is
the natural frequency associated with the longitudinal wavenumber m and circumferential
wavenumber n. The first step of the Rayleigh-Ritz technique is to calculate the kinetic

and potential energy. The unknown coefficients A, Bp,, and C,,, are then obtained by

minimizing the total energy. Substituting equation (5.33) into the strain relations yields:

+ =4 + =%

T
1 n BTTL'I'L C’H’LTL nz an n2 ZC’ITLTL
vz \R R R?

) &dm(z) cos nfe*

1 A nA 2z 22 A )
= . — me . Z ) an Cmn / 3 iwt
=TTz (( ) Brn =~ + (5 + 13) () (B + 1 )) ¢ (z) sinnfe

The potential energy of the laminated composite cylinder is:
Q Q 0 9] ro) = z
U= ///Qn@i + Q22€g + Qeeﬁo +2 (leezee + Q16€zVz0 + Q%ee%g) R(1+ E)dﬁdrcdz
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and the kinetic energy is:

1
T= §///p (@ + 9% + ) R(1+ %)dedxdz
The set of equations in (5.33) are now substituted in the expression for total energy:
n=uv+T

and the total energy is minimized by taking the derivatives with respect to the unknown

coefficients:

ol oIl oIl

=0, — =0, =
aCvmn

A 2B 0

This leads to a homogeneous system of linear equations in the unknown coefficients:

an — of¥? a1z a13 Amn
aio Qoo — 02 a3 B =0 (5.34)
a3 Q23 ass — 2 Crnn
where
02 = w2y, R?
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and:

Am B D
an = () (Auf® + BuR) +n’a® (Aes -t _RG—G)

A
aip = Tl(—f) ((A12R + Bl2)a1 - (AGSR + B66)a2)

A'rn T D
ayz = Tl,( 7 ) (—-(/\L )2(811R2 + DllR) — nZ(ZBﬁsR - —12—6)(¥2 + (77,2312 + AlgR)Otl)
2 n? Am 2 2
Qg = n-Ag + EB22 + (-L—) (AssR + 3Bgg R + 3D56) a2
n3 Am
ags = nAg + %RBzz + (T)zn ((2Bes R + 3Des )2 — (B12R + Dip)al)

Am 2n? —1)B 1—-n?)2D
ass = (T)ZIDHR2 + A2 + ( R )Br + ( R2) 2

Am
+ (——)2 (47’1D666¥2 - (BlgR + n2D12)2a1)

L
_1 Ild _1 /2d
a1—z/¢¢$, a2—z/(¢)$

To have a nontrivial solution for the above equation the determinant of the 3 x 3 matrix
in equation (5.34) must be zero. This yields a cubic equation in 22, Only the positive roots
are retained. Therefore, associated with each pair of wave numbers m and n, three natural
frequencies and three sets of mode shapes can be determined. These three modes generally

correspond to motions which are predominantly radial, circumferential and axial.

5.3.2.3 Numerical result

Here the two examples in section 5.3.1.1 are considered. For the isotropic example,
the natural frequencies obtained using the Rayleigh-Ritz method are compared with the
finite element results in Table 5.7. The mode shapes for the first modes associated with
circumferential wavenumbers n = 1,2 and 3 are also shown in Figures 5.24 - 5.28. The
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Table 5.7: Natural frequencies of copper pipe using the the approximate energy method

n m [ (Hz)(energy) f (Hz)(ABAQUS) % error
1 1 2171 2103 3.2
1 2 5416 5218 3.8
2 0 3164 3178 0.4
2 0 3177 3186 0.3
2 1 3308 3310 0.0
2 2 3833 3820 0.3
2 3 5009 4960 1.0
3 0 8966 8981 0.2

(2171 Hz)

Figure 5.24: Mode shape associated with n = 1 using Rayleigh-Ritz method
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(3164 Hz)

Figure 5.25: Mode shape associated with n = 2 using Rayleigh-Ritz method

(3177 Hz)

Figure 5.26: Mode shape associated with n = 2 using Rayleigh-Ritz method
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(5009 Hz)

Figure 5.27: Mode shape associated with n = 2 using Rayleigh-Ritz method

(8966 Hz)

Figure 5.28: Mode shape associated with n = 3 using Rayleigh-Ritz method
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Table 5.8: Natural frequencies of thin, balanced and symmetric laminate with properties

shown in Table 5.4

n m f (Hz)(energy) f (Hz) (ABAQUS) % error
1 1 4129 3987 3.6
1 2 8459 7657 10.5
1 3 12442 11342 9.7
2 0 7284 7135 2.1
2 0 7281 7138 2
2 1 7436 7289 2
2 2 8183 7976 2.6
2 3 9603 9257 3.7
2 4 11409 10904 4.6
2 5 13382 12748 5.0
3 0 20603 19734 4.4

Rayleigh-Ritz method was also used to analysis the orthotropic cylinder example and the
results for the natural frequencies and mode shapes are shown in Table 5.8 and Figures 5.29
- 5.33.

Tables 5.7 and 5.8 show that the natural frequencies obtained by the Rayleigh-Ritz
method are accurate. However, a comparison of mode shapes in Figures 5.24 - 5.30 with

the corresponding mode shapes in Figures 5.4 - 5.23 obtained by equations (5.21) -(6.8)
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(4129 Hz)

Figure 5.29: Mode shape associated with n = 1 using Rayleigh-Ritz method for orthotropic

cylinder

(8459 Hz)

Figure 5.30: Mode shape associated with n = 1 using Rayleigh-Ritz method for orthotropic

cylinder
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(7281 Hz)

Figure 5.31: Mode shape associated with n = 2 using Rayleigh-Ritz method for orthotropic

cylinder

(7436 Hz)

Figure 5.32: Mode shape associated with n = 2 using Rayleigh-Ritz method for orthotropic

cylinder
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(8183 Hz)

Figure 5.33: Mode shape associated with n = 2 using Rayleigh-Ritz method for orthotropic

cylinder

and finite element analysis reveals some inaccuracy of the Rayleigh-Ritz procedure, par-
ticularly near the boundaries. This is clearly seen by comparing Figure 5.25 with Figures
5.6 and 5.9 for the first mode associated with the circumferential wavenumber n = 2 of the
isotropic cylinder. The basic reason for this discrepancy is that the beam modes used in the
longitudinal components of the mode shapes do not precisely satisfy the three dimensional
boundary conditions. This leads to nonzero stresses at the edges of the cylinder.

A more closer look at the stress distribution of the mode shapes at the free ends reveals
very rapid variation of the stresses and strains in longitudinal direction as shown in Figures
5.34 and 5.35 for the first mode shape associated with the circumferential wavenumber

n = 2 of the isotropic cylinder. This is denoted as the edge effect. The beam mode shapes
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Figure 5.35: Stresses at the edge of cylinder for the first mode shape
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used in the Rayleigh-Ritz method do not include this effect. The edge effect is difficult to
analyze, because even if Fourier series expansions are used to approximate the mode shapes
in the longitudinal direction, a large number of terms is needed to model the displacement

variation near the edge.
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Chapter 6

Perturbation analysis of the modal

properties of composite cylinders

In chapter 5, the mode shapes and natural frequencies of composite cylinders were
obtained either by combining the dispersion relation with the equations for the boundary
condition or by a Rayleigh-Ritz technique. In both approaches, numerical analysis was
used to obtain the modal properties. While such numerical procedures are generally useful,
they do not provide a deep understanding of the vibration behavior of cylindrical shells. In
this chapter, perturbation analysis is used to derive analytical results that describe the fre¢
vibration of cylinders. These results are in terms of relatively simple closed-form math-
ematical expressions that provide insight in cylinder vibration behavior. It is shown that
these expressions are also useful for system identification, where free-vibration measure-

ments are used to determine the elastic properties of the cylinder.
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In cylindrical shells, the equations of motion and boundary conditions are complex even
for the isotropic case and become considerably more complicated when considering com-
posite laminate material properties. The essence of the perturbation analysis as developed
herein is to focus on the dominant characteristics of the vibration problem and to eliminate
all terms that are of secondary importance in the derivations of the modal properties.

In this chapter the focus is on cylindrical shells with either isotropic or orthotropic
material properties. Some results are also derived for the more general case of symmetric,
balanced composite laminates. The perturbation analysis begins by reducing the intractable
eighth-order characteristic equation for the dispersion relation into decoupled bi-quadratic
forms. These bi-quadratic forms lead to relatively simple closed-form analytical expres-
sions for the wavelength as a function of natural frequency and the cylinder material prop-
erties. Perturbation is used to derived simplified results for the internal forces and moments.
These results are used in the boundary conditions to arrive at the final analytical expressions
for the natural frequencies and mode shapes.

Closed form results for the dispersion and modal properties have been previously de-
rived for canonical structures such as beams, plates and isotropic, simply supported cylin-
ders. The results in this chapter for orthotropic free-free cylinders are new. The chapter
concludes with some remarks on how the results can be used for system identification and

on extensions to more general composite materials.
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6.1 Framework of the perturbation analysis

Before beginning the perturbation analysis of the cylinder vibration problem, it is neces-
sary to define some additional notation and to very briefly outline the perturbation process.
The essence of this process is to express the analytics in a manner such that small terms
can be separated from the relatively large terms. This implies that every term should be
non-dimensional, so that small would always mean small in comparison with unity.

In perturbation theory, it is convenient to use the big O and small o (Landau) notation.
If ¢ is small compared with unity then we use the notation O(¢) for terms that are of the
same order of magnitude as € and o(e) for terms that are at least an order of magnitude

smaller than ¢. For instance, we have:

1

=l-¢ct+e—+---=1—c+o(e) =1+ 0() 6.1)
1+e
\/1+e=1+§+0(6)=1+0(6) 6.2)

In perturbation theory terminology, the zeroth-order expressions are those which involve
only the largest terms, typically of order 1, or O(1). The first-order expressions typically
involve terms of order O(¢), the second-order expressions involve terms of order O(¢?) and

so on. Hence, the first- and second-order approximations to 1/(1+¢) are 1+¢ and 1+¢—€2.
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For the cylinder problem, we begin with the following non-dimensional parameters:

helt
R
=2
"R
~ Ais
A=
7 A22
~ Dy
U Age IR2
. N
N=-_
A22
~ M
M =
A22R
7=
A= AR
~ L
L==
R

To gain some insight into these newly defined parameters, we consider the isotropic case.

We have:

1—v

An=1, Ap=v, Ag= , A=Ay =0

B2 o B2 o~ 1—u B2 o~ =
—— 5550 Dis=Dxp=0

Dy = —— Dig=v—— D =
U= pe YRT VR YT T TR

Herein we examine thin shells where h < R, so that D;; are all small. Our perturbation

parameter is ¢ = y/h/R so that Bij = O(€*). As a numerical example, we have, for the
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copper and orthotropic examples, the following forms for the matrices Aand D:
[ T
1 0340 O
Acopper = | 0340 1 0

0 0 0330

~ -‘

0413 0.140 0
Deopper = | 0.140 0413 0 1073

0 0 0136 ]

8.260 1.667 O

Aa’rthotropfic = 1.667 1 0

0 0 1.808

1409 0333 O

Dorthotropic = | 0.333 0.196 0 | 107°

0 0 0.358
L i
For notational simplicity, we drop the tilde notation in the remainder of this chapter.

Next we restate the equilibrium equations and boundary conditions using the above

non-dimensional form for the parameters. The equations of equilibrium in (5.21) can be

expressed as:

En En Eis (a4

Fi2 Ea FEas g {=0

Ei» Esz LEss | 1
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where

E33 =

A2 + 2inAAjg — n®Ags + 1

A1\ +in\ (Arz + Ags) — n* Az

A2 +inAag (6.3)
(Ags + 4Dgg) A% + 2inA (A2 + 2Da6) — n° (1 + Da2) + 1

Mgg + in — inX% (Dyg + 4Dgg) — 203 D16 + 4n*ADagg + in® Do

1 — 2n°A? (D13 + 2D16 + 2Des) + n* Dag — 4in*ADgg + X\*Dyy — 1

This is a generalized eigenvector problem that yields displacement components « and 3

and longitudinal wave number A for each frequency parameter 7.

To find the dispersion relation between ); and 7; the determinant of the matrix E is set

to zero, leading to an eighth-order equation in A. For a symmetric and balanced laminate

where B = 0 and A5 = A = 0, this equation is:

Ay (_4D%G + D]_]_dﬁ) 28+ 4iA1q (_D16d5 + nDy1Dgg) PYEE

(A11m1 + D11 (dg + d6d7) — 4d7D%6) /\6+

4i (D16 (A11dy — Aradg — dsdy) + nDagAyyms + nD1y Dogdr) A+

(—Alz (A12d5 - 2d5d8) - dgdg + A11m2 + d7m1) )\4+

43 (D16d4d7 + nDhe (A12 (—A12 + 2Tldg) + Apimgz + dyms — nzdg)) /\B‘f‘

(A11m4 - A12 (A12d2 + 2d4d8) + dldg + d7m2) /\2 + 4inD26d7m3)\ + cl7m4
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where
di =14 Dyn*—n
d2 = —(1+ Da)n®+7
ds = 2n* (Dig + 2Dgs + 2D1s)
dy =n (n*Dag + 1)
ds = n (4Dgs + D12)
de = Ags + 4Dgs
dr =m —n®Ags
dg = (A2 + Ags) 1
dy = 2n (Agg + 2D2g)
dip = Age + 4n*Dag
and

my = d2 — dadg + 1602 D1 Dag + D11ds
Mg = —dads + dyde — 2d,ds

ms = dy — 2ndy — n2ds

my = d2 + did,

ms = —ds + 2nds — n’dg
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We recall from chapter 5, equation (5.20), that the general form for the mode shape is:

_ Az ing _ Az ind __ Ajx inf
U= E Cija;e%e™, v = E C;p;e e™,  w = E CjeV%e 6.4)
J J J

To solve for the coefficients C}, the boundary conditions must be satisfied. These boundary

conditions are:

)\jL

N, = Z (Au)\jaj + Aja (’L'I’L,BJ + 1) + Ay (/\j/jj + inaj)) CjeiT =0

AL

7
M, =Y (D}A2 — nDyy (iB; + n) — 20, Dig (B; — in)) Cjer ™= =0
J

Ny — ng/R = Z (Alﬁ)\jaj + Ags (/\jﬁj + inaj) — 2D16/\?+

J
AjL
4)‘_7'D66 (ﬁ] — m) + A26 (mﬂJ + ].) + QNDQG (7/,57] + 77)) CjeiT =0
Q =) (=Du)? +n)\; (Diz + 4Des) (iB; + n) + 2X; D16 (8; — 2in) +
J
AL

2n2 Dgg (—B; + in)) Cjer ™= =0

in which n = prw?/A»R?, and pr = [ pda.

6.2 Dispersion

(6.5)

(6.6)

6.7)

6.8)

The perturbation analysis begins with the dispersion relation, the relation between the

frequency parameter  and the longitudinal wavenumber parameter A. We begin by exam-

ining numerical results for the dispersion relation using equations (6.3) before preceding

to the analytical derivations. For the isotropic copper pipe example used in the previous
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Figure 6.1: Exact \; versus frequency for circumferential mode n = 1, solid line: real part,

dotted line: imaginary part

225



CHAPTER 6.
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Figure 6.2: Exact \; versus frequency for circumferential mode n = 2, solid line: real part,

dotted line: imaginary part
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4
3 B - T - - = S 7
2r -

2k J
] :—:_ -
’4 1 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3 3.5
freq (Hz) x 10*

Figure 6.3: Exact \; versus frequency for circumferential mode n = 2, for orthotropic

laminate, solid line: real part, dotted line: imaginary part
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chapter, the dispersion relation is plotted in Figures 6.1 and 6.2 for circumferential wave
numbers n = 1,2. Figure 6.3 shows the exact dispersion for n = 2 for the orthotropic
example. The solid lines in these figures show the real part and the dotted lines show the
imaginary part of A;. It can be seen that the wavenumbers \; are in conjugate pairs and

positive-negative pairs.

6.2.1 Perturbation analysis of the dispersion relation

There are two groups of A;: the first group which we denote as \; are relatively small
and correspond to relatively slowly varying displacements with respect to the longitudi-
nal coordinate z. The second group, \r;, are large and correspond to steep exponential
variations in . These two groups of \; can be seen in Figures 6.1 - 6.3.

For orthotropic laminates, we have Dijg = D = 0 so that the coefficients of the
characteristic equation are real. This immediately implies that the roots \; are in complex
conjugate pairs. Furthermore, the odd powers of A vanish for these laminates. Hence, if A
is a solution of the characteristic equation, then — ) is also a solution. In summary, for each
group of A;, there are four solutions of the form A\; = £Ag & Aji.

In this subsection, perturbation analysis is used to obtain explicit closed-form analytical
expressions for the dispersion relation for both groups of X;. It can be seen in Figures
6.1 - 6.3 that the dispersion relations for the smaller A; begin at a point (1, \) wiih A=
0. This corresponds to the lowest natural frequency of an infinite cylinder vibrating with

mode shapes that are constant with respect to the longitudinal coordinate, z. We begin
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the perturbation analysis by obtaining analytical expressions for # at this critical natural

frequency.

6.2.1.1 Casel: A=0

In this case the equilibrium equations in (5.21) reduce to:

( mn— 'I’I,ZAG(; 0 0 ( (87
0 —n? (D22 + 1) +n n (1 + TL2D22) Bl = 0
0 in(14+n%Dy) 1+niDy—n J 1

| L .

As described above, the solution to these equations correspond to the first set of mode
shapes of an infinite cylinder. The modes associated with 7 = n?Agg are shear modes with
mode shapes given by in-plane shear motion: v = cosnfl,v = 0,w = 0. These modes
have high natural with frequencies n = O(1) and are not of interest herein. The remaining
modes, with a = 0, are determined by:

—n? (Do + 1) +7n in(1+n?Dayp) B

=0
n (1 +7’l2D22) 1 +1’L4D22 - 1

The dispersion relation obtained by setting the determinant of the above matrix to zero is:
-n? + (n2 + 1) (1 + TZ2D22) 1 —n?Day (n2 — 1)2 =0

The solution to this quadratic is:

(n? +1) (1 +n2Dp) 1/ (n? + 1) (1 + n2 Dyn)? — 4n2 Dy (n? — 1)?
77 =
2

2 1 2 1 2
= (n—i—) n?Dy+1—,[1+ (—4’/12 (TL ) +2n2> Dss

2 n?+1
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where we are only interested in the low frequency mode. We recall from equations (5.14)
that the D components of the stiffness matrix are of order O(¢*) and therefore are small
compared to the A matrix components which are of order one. Hence, the radical in the
above can be approximated by the first two terms in the Taylor series expansion, as noted in

equation (6.2), resulting in the following first-order approximation for 7, which we donate

as 7jp:
n2 (n2 - 1)2 D22
(n?+1)

o = (6.9)

which is of order O(e*). The corresponding first- and zeroth-order approximations for the

coefficient 5 in (6.4) is:

1+ 0Dy —no  ((n*+1) +n°Dyy (3n° — 1))

p= _in(1+n2D22) = n(n?+ 1) (1 + n2Dyy)
. 2_
ES % + 2z‘nD2222—+1— first-order (6.10)
B~ 1 zeroth-order (6.11)
n

The zeroth-order result for 5 is well known and is often used to develop approximate shell

theories [Sharma and Johns, 1971]. The first order result is new.

6.2.1.2 Casell: \ = ),

In this section we consider the smaller group of four A;. In perturbation analysis it is
useful to use mathematical assumptions for some of the parameters in the beginning of the
analysis so that the derivations can proceed. These assumptions are then verified at the end
of the derivations. Due to the nonlinear relationships in many of the intermediate expres-
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sions, there are some iterations needed as different assumptions are examined. Herein, only
the final iteration is presented. In the present case, we assume based partly on the analysis
of the preceding subsection, that n = O(e?), @ = O(¢), B = i/n + O(e*) and X = O(e).
The first equilibrium equation given in the first row of equation (5.21) can be written in

terms of v, 5 and A:
(Au/\2 — TL2A66 + T]) o+ inA (A12 + A66) B+ ApA=0

which simplifies to:
(Au)\2 - nzAgs) a — /\Ags =0

after disregarding o(e?) terms. The results for « are:

AAges "
a= m first-order (6.12)
o= —-)L zeroth-order (6.13)

n2
In the next step we focus on finding the dispersion relation for small A\. Here we are
interested in frequencies of order D, or O(e*). We retain terms up to order O(e®) in the

characteristic equation to obtain a linear relation for 7:
ap\t — 4ind (n2 —~ 1)2 Dagh +n* (no — 1) (n2 + 1) =0
where
a2 = A — A?z

with solution

alz/\4

']7 = 7’)0 + nT(—m ZeI‘Oth—OI‘der (6'14)
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for orthotropic materials. The zeroth-order results include terms of order O(¢*) and it is

easily inverted, yielding the approximate solution for A in terms of 7:

Azin\/i(n—nmnul), im\[i(n—no)(nul) 6.15)
a2 a2

This simple dispersion relation for small X indicates that there are two pure imaginary and
pure real solutions for A, all of the same absolute magnitude, and all of order e. We examine
higher order results for A in the next subsection.

It is necessary to include terms of order O(€®) to obtain more accurate approximations
for the dispersion relation for orthotropic and more general symmetric and balanced lami-

nates.

6.2.1.2.1 MORE ACCURATE DISPERSION RELATION FOR SMALL )

In this subsection we obtain the first-order approximation for the frequency parameter

7. We retain terms up to O(e%) in the characteristic equation:

A66a12A4 + ((&12 (n2 + 1) + Age — 271,2A12A66) 7+ (2""4022/112/166 (TL2 - 1)
——A66 (4n6D16 + 2n4D12 (n2 - 1) + 4n2D66 (n2 — 1)2) — Toa12 (TL2 + 1))) /\2

+ (—4’in3D25A66 (n? - 1)2) A+ n2(no—n) (n?+1) Agg =0
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After some straightforward but somewhat tedious algebraic and perturbation analysis, the

final first-order results for 7 is obtained for case of orthotropic materials:

A \2 2n® Age (n2D12 (n* — 1) + 2Dgs (n* — 1)2>
66012 —

+noa12 (n? + 1) — 2n*Dag Ajp Age (n? — 1)

+n’ng Ags (n° + 1)
(Aﬁﬁ + a2 (Tl2 + 1) - 2n2A12A66) »/\2 — 'I’L2A65 (n2 + 1)

n=-— (6.16)

To invert this relation to derive the corresponding solution for A in terms of 1, we use the
following simple perturbation result. For a quadratic equation of the form az?+ bz ~c =0

where b << v/4ac, the first-order expressions for the solutions are:

b+ Vb2 +4 1 b2 1 b?
T = + - —b+vVdacy/| —+1| =~ — |—-bxVvdac| —+1
2a 2a 4ac 2a 8ac
N —b+ V4dac
- 2a

Applying this to equation (6.16) we obtain:

e _ ey, [y m—n)
2Aes aiz
(’I’] (1 - 27’1,21412) - 27’14 (’I’L2 — 1) (DIZ — D22A12) - 4TL2D66 (Tl2 - 1)2)
B 2a;2

This concludes the analysis of the dispersion relation for small A.

6.2.1.3 CaseIll: Large \,n =~ 0

To derive the perturbation results for large ), we begin with the assumptions 7 = O(e),
A = O(eY), a = O(e) and B = O(e?) to obtain the following approximation for the
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equilibrium equations:

1411/\2 nA (A12 + AGG) Ao o
inA (A12 + Ass) A66/\2 n 81 = 0
A m 1+ MDp 1

Dividing the first row and column by A, the matrix relation becomes:

An in (A12 + AGG) Ao Ao
in (Ai2 + Ass) Age A’ m g | =0
L A1z n 1+ /\4D11 i 1

Taking the determinant of the matrix and setting it to zero yields the characteristic equation:

(A2 + A66)2

o (a2 + A%g) 0
A11Ae6

A8+ n? 2T 86
All A66D11

M+ +n

where:

@12
Aa = {/
“ DllAll
It can be seen that there are only even powers of A all with real coefficients so that the

solutions for A are in conjugate pairs and in positive-negative pairs.

For n = 0 the characteristic equation reduces to:
4 4
)\0 + )\a == 0

where the solutions for A are denoted by Ag. The expression for Ag in terms of A, is
As = —\? which can be rewritten as \3 = iA2 or:

141

do =t
’ V2

Aa
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It can be seen that \g corresponds to the characteristic equation where n. = 0, which are

the axisymmetric modes. The matrix equation becomes:

- - ~ -

An 0 Ao Ao

0 AgA? 0 Bo =0
A 0 4k 1

where we multiply o by Ag. The solutions are oy = 0 and Sy = oo which corresponds to
pure torsional motion or ag = —Aj2/ (AgA11) and By = 0 which corresponds to combined
radial and longitudinal motions.
To obtain the first-order expression for «, 3 and A, we start from the zeroth-order results
1414

A & —=)\, which is associated with A2 = i\2. To find the perturbation g from the zeroth-

V2

order solution, we use the following expansions:
N =M(1-ig), M=X(1-2ig), X =)§(1-3ig)

The characteristic equation can be rewritten in terms of g:

o (A1z + Agg)”
A11Ae6

a2 + Afg)

Mo (1-3ig)+n A AsDy

Mo (1 =2ig) = NS (1 —ig) +n 0

Since this is linear in ¢, the solution for this perturbation parameter is readily found:

i n? (‘“a12 (A2 + A66)2 + Anag + A11A§6)
204 (A3 Ags D11 A3 + 02 (A2 + Ags)” A D11)
_ n? ((A}, — Au) (A + Ass)’ — An (A}, — Au) + A AY)

- _ A2
2 (A — A%) (iAuAse A[;Lf:‘lz +n? (A + A66)2)

q:

We have to get the right sign for the radical. In the above, we use Im(A\3) > 0, so that
q > 0. If we use Im (A2 < 0), then we need a negative sign so that —¢ < 0. The final
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results for A are

Im(O2 > 0): A= £Xg (1 —ig/2) ~ % (Re(Xo)) (1 + i) e79/2 = £\ e™/4-i0/2
and

Im(A2) < 0: A= £Xo (1 +1q/2) ~ £ (Re(Ag)) (1 — 1) €92 = ) e~ t7/4+i9/2

We continue the analysis by determining the corresponding first-order expressions for

« and (3. First we express

da 0o — A12/A
=g 82 = o= A/ )

and substitute into the characteristic matrix equation. Retaining only the dominant terms,

we obtain:
r - o B
Ann in (A2 + Ags) Arz 0o — A12/An
in (A1 + Ags) Ass A} in B =0
Az in T2~ 2igMDu | 1 |
L 1 i
or
oA + g (Alz + A66) W

in (=A% + Ay — A1aAee) + BN A1 Ags | =0

(5aA12 - ZiQ/\%Du + ’LTL,B

L .

In the above it is assumed that 3 = O(e?) and the ¢ term is not needed in the middle

element of the matrix. Solving for 8 and 4, (corresponding to Im(A3) > 0) yields:

in(—Al + An — Andes) _ 1 (—Al + An — Andes) _

b=~ N A1 Ass - A2A11As ~Pa
0
8, = n (—A%2 + A1 — AgsAr2)
¢ A Ags A2
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and:

_inf (A2 + Ags) _ inf (A2 + As)
All All

0o =

Itis noted that A, 0, B and « are in conjugate pairs and when A changes sign, « also changes

sign but §, and /3 do not change sign.

6.3 Boundary conditions

While the equilibrium equations are used to obtain the functional form of the dispersion
relation, the boundary conditions are needed along with the dispersion relation to obtain the
actual natural frequencies and mode shapes. As in the preceding section, the terms in the
boundary conditions are examined separately for small and large A. Due to the complexity
of the analytical forms of the modal properties, the focus on the remainder of this chapter
is on orthotropic materials where the roots A are in complex conjugate pairs and positive-
negative pairs. It is noted that for the more general case of symmetric, balanced laminates,

the roots A do not follow these simple interrelationships.

6.3.1 Casel:small )\

6.3.1.1 Zeroth-order results

We begin with the zeroth-order results for A from equation (6.15): A\; = +Ag and

+i\g and from symmetry arguments we have, for the four corresponding coefficients C; =
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¢/2,¢/2,1/2,1/2 in equation (6.4). The corresponding solution for 7 is:

After a series of substitution and perturbation analysis steps, we obtain, for the symmetric

modes:

)‘2A11A66 _/\2A11

Nw = m (CCOSh AZ — COS /\.’E) ~ 2

(ccosh Az — cos Az)

1
M, = XDy (ccosh Az — cos Az) — nDia (n - ;) (ccosh Az + cos Ax)

 Agg A1 N3 inh A in A
Nzo*an/R=z 66411 ( csinh Az sin Az )*

All)\z - n2A66 + —1411/\2 — ’I’L2A66

1
4iXDgg (n - E) (csinh Az — sin \z)

1
Q = —\*Dy; (csinh Az + sin Az) + n\ (D1z + 4Dgg) (n — —) (csinh Az — sin Ax)
n

If we use the zeroth-order approximation of ccosh Az — cos Ax = 0 to satisfy the first
boundary condition and if we also assume that A satisfies the equation csinh Az +sin Az =

0 the above can be rewritten as:
N,=0
1
M, =-nDp{n— - (ccosh Az + cos Azx)

Nyg — MrG/R =

1Aee A N3 < csinh \z sin Az )

+
n A11/\2 — n2A66 —A11/\2 bt 7’L2A66

1
— 4iX\Dgg (n - E) (csinh Az — sin Az)

1
Q = nA (D12 + 4Dgs) (n - E) (csinh Az — sin Az)
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Similarly, for anti-symmetric modes one can write:

A2 A1 Ags . ) ~N2Aq
= A% — Aen? (csinh Az — sin Az) =~ —

N, (csinh Az — sin Ax)

1
M, = X\?*Dy; (csinh Az — sin A\z) — nDj2 (n — —) (csinh Az + sin Ax)
n

Ngg — Myo/R = iAg A1\’ ( ccosh Az — COS Az )
Z Z -

+
n A11/\2 - T),2A66 —An/\2 — "7'2A66

— 41\ Dgg (n - l) (ccosh Az + cos Az)
n

. 1
Q = —X\3Dy (ccosh Az — cos Ax) + nA (Do + 4Dge) ('n, — ;L-) (ccosh Az + cos Ax)

Next we perturb the above results to obtain first-order results.

6.3.1.2 First-order results

Here we consider the case where the absolute value of the real and imaginary solutions
for A are not equal, so that we have A\; = £\, +i)Ay. First, we consider the symmetric

boundary conditions and use +)\; for the real roots and £\, for the imaginary roots with
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corresponding coefficients C' = ¢/2 and 1/2 to get:

2 h 2
N.’c:AllAGG( A{ cosh Az A5 cos Aoz >

c —
- 2 2
A11/\1 - A66n2 —Anx\z - A66n2

1
M, = D (/\fcl cosh A\jz — A3 cos /\2:5) —nDis (n — E) (¢1 cosh Ay + cos M)

NJ;() - Mzé)/R =

CAn)\% — A66n2 —All)\g - A567’L2

iAll A66 ( )\:;’ sinh /\1.’1) /\% sin )\2.’1I )
n

1
— 43 Dgg (n -~ ﬁ) (c1A1sinh Az — Ao sin \ox)

1
Q =—-Dn (C)\:; sinh \iz + /\g sin /\21,‘) +n (D12 + 4D66) (n — E)

(Cl)\l sinh )\1% — )\2 sin )\23’))

It is noted that in the above equation, the first-order approximation for « is used. The

equation for the first row can be rewritten as:

A} cosh(\12) A2 cos(A2) c
A1l A2 —Agen? - —A11A2—Aggn?
! 1 =0 6.17)
A3 sinh(A\12) A3 sin(Azz) 1
Auz\%—Aesnz —A11A%—A66n2

The determinant of the matrix is:
Ao sinzAg coshz A + ApcoszAzsinhzA; =0

To solve this it is necessary to determine the size of the smaller real A; given the larger

imaginary i\ and find 7 in this process. We begin with A = 73 and obtain:

N 22 Agg (n2D12 (n2 — 1) + 2Deg (n® — 1)2)
24166012 2

+T]0(L12 (77,2 + 1) — 2n4D22A12A66 (71,2 — 1)

+n?ngAgs (n? + 1)
(A66 + a2 (n2 + 1) — 2n2A12A66) )\% + n2A66 (n2 + 1)

(6.18)
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Then we invert this to get A2:

—(n — 1 n2 n2 4+ 1) (nn — 1
2 Age g
(’I’] (1 — 2TL2A12) - 27’L4 (n2 - ].) (D12 - D22A12) - 4’)’L2D66 (Tl2 — 1)2)
- 2a12

The boundary conditions then become:

N, =0

M, = Dy ()\fcl cosh \jz — )\g cos )\23:) —nDqs (n — %) (c1 cosh Az + cos M)
Nyg — Mg/ R = —4iDgg <n — %) (c1A1sinh Az — Agsin Aqx)

Q=-Dy (c/\:;’ sinh A\jz + A3 sin o) + 1 (Dy2 + 4Dgg) (n - %)

(c1A1 sinh Az — Agsin Agx)

The higher powers of A in the second and fourth boundary conditions can be disregarded

for small \:
N, =0
1
M, = —nDs (n — E) (c1 cosh A1z + cos Apx)
1
Nyg — Mo/ R = —4iDgs (n - ﬁ) (c1Aq sinh Az — Agsin Aox)

1
Q = n (D12 + 4Dgs) (n - 5) (c1A1sinh Az — Agsin Aox)
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6.3.2 Casell \ =)\,

Next we examine the boundary conditions for large Ay

Ny =Y (Anad + Ai (inf + 1) + Ass (A8 + ina)) Ce™
M, =) (Dy)?) Ce™
NIg - Mzg/R = Z (Alsa)\ + Aﬁﬁ ()\5 + ina) — 2D16)\2 + AQG (Z’I’lﬂ + 1)) CC/\x

Q = Z (-Dll)\?’ + 2/\2 (/)) _ 27,77) D16) Ce/\z

At the left boundary the large A; with negative real part are important for the edge effect.

We recall the following large A results from section 6.2.1.3:
s

. 1+ Ay — A2
— )\a A2 — AQ 3 — AB o = 4 12
Ao \/5 ’ 0 tar )\0 \/§ @ A A Dpy

_n (—A2, + Ay — AssArz2)

Ja , B=/a
/ A%IAGG)\Z /[ [
doa 0o — A12/An inf (A2 + Aes) infq (Arz + Ass)
= —_— = —_— 50( ——J— = —
* =00ty ) ’ An AL

The expression for « in terms of 3, becomes

_ (A12 + Ags) nifs + Ai2
AAn

Note that the coefficients of the terms with complex conjugate \; are in complex conjugate
pairs. We need to take the sum of two terms with negative real part with coefficients

¢o exp (£ig). The displacements associated with the large A; at the left boundary can be
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written as:
A A
w = 2¢p exp(—ﬁ) COS(T +¢)

v=2coﬁaexp(—A}) (f+¢>

\/_ ((A12 + Age) nifs + Ar2) AT A A
o il exp(=252) (cos( 2 4 6) —sin(E +9))

The derivatives of the displacements in the boundary conditions are:

U =

wy = —v3 Aacoexp(—T)( S(25% -+ 6) + sin f+¢>)

=2)2

s
tpee = V2 Azcoexp(—7> ( 522 2 6) — s f+¢>)

= —V2\ofuco eXp(—%) (cos(% + ) + sin(T;_E + ¢))

((A12 + Aﬁiilrl“ﬁ + A12) 8(7,1_;_ + o) exp(—%)

Uy = —

Finally the boundary conditions can be written as:

N, = Ajug + Ay (vp + w) = —2inco B, Aes €xp(— \/_)c ( \/_ + @)

M, = Dyywee = 202 Dy1co exp(—%) sin(% + @)

A Aa
Npg — ng/R = Ags ('U:c + U'O) — j:il\l/;cﬂ Xp(— \/;)
((AﬁﬁaAu +n? (A2 + Aee) fa — 1nA12)) cos( \/_ L+ 9)
(/\ BaA1r — n? ((A1z + Ags) fa + Z’D,A12)) sm( 7 + ¢)>

Q = _Dllwz:c:c - _CO\/§D11/\3, exp(_,_%) ( (\/— + ¢) Sll’l( \/— + ¢)>
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1
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freq (Hz) M 104

Figure 6.4: Comparison of exact dispersion relation with the zeroth-order approximation,

for circumferential mode n = 1
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Figure 6.5: Comparison of exact dispersion relation with the zeroth-order approximation,

for circumferential mode n = 2
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Figure 6.6: Comparison of exact dispersion relation with the first-order approximation, for

circumferential mode n = 1

246



CHAPTER 6.

0 | L 1 I 1 1
0 0.5 1 1.5 2 2.5 3

freq (Hz) x 10°

Figure 6.7: Comparison of exact dispersion relation with the first-order approximation, for

circumferential mode n = 2
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6.3.3 Combining the boundary conditions

Here we identify and combine the dominant contributions of the eight terms — four for
small X and four for large A — that are summed for each boundary condition. Parametric
studies indicate that the second and fourth boundary conditions are satisfied by the large A

components. The large A contributions are:

M, = 2¢gDi1 A2 sing = —b, (6.20)

Q = —V2coD11 X3 (cos ¢ + sin @) = —by

which must be equal and opposite to the small A (A = +X; and A = +i)\y) contributions to

the boundary conditions:

by = —nDi2 (—1/n + n) (¢1 cosh (A, ) + cos (A5, 7))

ba = n (D12 +4Dgs) (—1/n +n) (c1Xs, sinh (A5, 7) — As; sin (Ay,2))

By enforcing these two boundary conditions, we can solve for ¢y and ¢:

b2 /\a \/562
— =——(cotp—1) or cotdp=1—
O S DuAZsing

Given these results for the coefficient ¢ and the angle ¢, the mode shapes can be obtained.
This completes the perturbation analysis of the modal properties of the vibrating, free-free

orthotropic cylinder.

248



CHAPTER 6.

R 4 oxact

Im
exact

- Reuy,, P ] 3

m oo L 25

Figure 6.8: Comparison of exact, zeroth- and first-order approximation of «, for circum-

ferential mode n = 1
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Figure 6.9: Comparison of exact, zeroth- and first-order approximation of «, for circum-

ferential mode n = 2
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6.4 Results and discussion

As a numerical example the isotropic copper pipe in the previous chapter is considered.
The approach introduced in the previous sections is used to find the dispersion relation
and to determine the natural frequencies and mode shapes of the cylinder. Figures 6.4
and 6.5 show the comparison between the exact and the zeroth-order approximation of the ‘
dispersion relation. In Figures 6.6 and 6.7 the first-order approximation of the dispersion
relation is compared to the exact dispersion relation. As it can be seen, the first-order
approximation for the dispersion relation is very accurate for the frequencies lower than
15000 (Hz). It is noted that there is no D term in the zeroth-order approximation except for
the Dy, term in 7.

The exact, zeroth- and first-order approximations for o are shown and compared in
Figures 6.8 and 6.9. The zeroth- and first-order approximations for « are determined by
equations (6.13) and (6.12). It can be seen that the zeroth-order approximation is not ac-

curate while the first-order approximation for o improves for low to medium frequencies.

The wave numbers and natural frequencies are also determined using the first-order
approximation of the dispersion relation in equation (6.16). The wave numbers are com-
pared with the exact A; obtained by solving the eighth-order characteristic equation (6.3).
Figures 6.10 and 6.11 show the comparison between the exact wave numbers and natural
frequencies and those obtained by first-order approximation of the dispersion relation. The

wave numbers shown in these figures are the absolute value of the imaginary wave number
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Figure 6.10: Comparison of exact and approximate natural frequencies and wave numbers

using the first-order approximation, for circumferential mode n = 1
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Figure 6.11: Comparison of exact and approximate natural frequencies and wave numbers

using the first-order approximation, for circumferential mode n = 2
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Figure 6.12: Comparison of exact and approximate natural frequencies and wave numbers
using the first-order approximation for the dispersion equation, for circumferential mode

n=1
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Figure 6.13: Comparison of exact and approximate natural frequencies and wave numbers
using the first-order approximation for the dispersion equation, for circumferential mode

n=2
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Figure 6.14: Internal forces and moments comparison, for circumferential mode n = 1,

first mode shape

A=1i)\.

The exact wave numbers and natural frequencies are also compared with the first-order
approximation in Figures 6.12 and 6.13. The circles indicate the locations of the natural
frequencies on the dispersion curve using the first-order approximation of the dispersion
relation and the squares show the corresponding exact value. In these figures both real and
imaginary wave numbers A = A, and A = ¢\, are shown. It is noted that the real roots
are determined using equations (6.18) and (6.19) as explained in the previous section. The
natural frequency is also approximated using the eigenvalue problem in equation (6.17).

To consider the edge effect at the free ends of the cylinder, the results of the analysis
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Figure 6.15: Internal forces and moments comparison, for circumferential mode n = 1,

second mode shape
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first mode shape
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Figure 6.18: Comparison of exact dispersion relation for orthotropic laminate with the

zeroth-order approximation for the dispersion relation, for circumferential mode n = 2

of the boundary conditions in section 6.3.3 are examined in detail. The internal forces and
moments (per unit circumferential length) are plotted in Figures 6.14 - 6.17 for circumfer-
ential wave numbers n. = 1, 2 for the first two modes. The left half of the cylinder is shown
in these figures. The first row of plots shows the comparison between the exact and approx-
imate internal forces and the second row shows the contribution of the large A components
to the internal forces which is significant only at the edges as expected. It can be seen that
at the boundaries the conditions M, = 0 and () = O are satisfied. This is because these
two boundary conditions are the ones used for finding the coefficients ¢y and ¢ in equation

(6.20). The other two boundary conditions are approximately satisfied.
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Figure 6.19: Comparison of exact dispersion relation for orthotropic laminate with the

first-order approximation for the dispersion relation, for circumferential mode n = 2

261



CHAPTER 6.

Figure 6.20: Comparison of exact, zeroth- and first-order approximations
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Figure 6.21: Comparison of exact and approximate natural frequencies and wave numbers
for orthotropic laminate using the first-order approximation, for circumferential mode n =

2

For our second example, the orthotropic cylinder is considered. The results for cir-
cumferential wave number n = 2 are presented here. Figures 6.18 and 6.19 show the
approximate dispersion relation using zeroth- and first-order approximations. It can be ob-
served that first-order approximation is very accurate. The exact coefficient « is compared
with its zeroth- and first-order approximation in Figure 6.20.

The comparison of exact and first-order approximations of natural frequencies and
imaginary wave numbers are shown in Figures 6.21. In Figure 6.22, both real and imag-

inary wave numbers associated with the natural frequencies are shown on the dispersion
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Figure 6.22: Comparison of exact and approximate natural frequencies and wave numbers

for orthotropic laminate using the first-order approximation for the dispersion relation, for

circumferential mode n = 2

-

264

i ru'l 1
1.5 2
freq (Hz)

0

2.5 3
x 10



CHAPTER 6.

“—— exact
of _ _ _ exactonly

snwall & terma
n approximate
AN
\
2 \
3 \

) 2 1 o 3 2 1 [ E) 2 1 [ 3 2 1 o
N, large i terms M, targe X tema N, targe & terms Q. targe 1 tems
000
—— expet
2500 approximate 600 2500 1400
1200
2000 500 2000
1000
00|
1500 1600 000
300)
1000 1000 600
200
400
500 500
] 100, 200
o ° o o
3 2 1 o ) 2 4 [ 3 2 1 [ ) 2 1 ]

Figure 6.23: Internal forces and moments comparison for orthotropic laminate, for circum-

ferential mode n = 2
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Figure 6.24: Internal forces and moments comparison for orthotropic laminate, for circum-

ferential mode n = 2
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curves. The squares are the exact values while the circles are the first-order approximation
results. It can be seen that the wave number approximations are relatively accurate while
the accuracy of the natural frequencies is good only for low to mid frequencies. The inter-
nal forces for the left half of the cylinder is shown in Figures 6.23 and 6.24 for the first two

modes.

6.4.1 Application to system identification

The perturbation results in sections 6.2.1.1 - section 6.2.1.3 provides simplified disper-
sion relations and expressions for modal properties which can be used for system identifi-
cation. If the natural frequencies of a cylinder is known from experiments, then by using
the dispersion relations for the first circumferential wave number one can determine several
of the material properties. For instance, the density of the natural frequencies with respect
to frequency (also known as the modal density) increases in the vicinity of the point 7.
This can be seen in Figures 6.13 and 6.22. Using this property one can determine the loca-
tion of 7, and therefore evaluate D, using equation (6.9). Subsequently, the zeroth-order
approximation of 7 can be used to find a12. After finding these parameters one can use the
first-order dispersion relation, which contains more parameters, to evaluate the relationship
between these unknowns. It is noted that the system identification application of this study
is still in its preliminary stages and can progress substantially further as explained in section

7.2.
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Concluding remarks

In this thesis we develop new methods in solid mechanics that can be used for studying
the vibration behavior of passenger car bodies in high-speed trains. Some of these methods
are fundamental in nature and can be applied to other structural systems. Three related
topics were examined. First, the propagation of vibration energy from the wheels of the
high-speed train to the car body is investigated. Using a finite element model of the car
and response data under test runs, fatigue reliability of the aluminum car body is examined.
In addition, fatigue test procedures with static and dynamic loads are proposed. In the
next part of the thesis, highly localized stresses near the openings are examined. A semi-
analytical approach based on a method of complex variables is developed to enhance the
results of coarse-mesh finite element models to predict the stress concentrations around
openings. In the last part of the thesis, the vibrations of cylindrical shells are examined.

This study is motivated by the fact that advanced car body designs for high-speed rail tend
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to have tubular frames with orthotropic shell properties. Perturbation analysis is used to
find relatively simple closed-form analytical expressions for the dispersion relation and the
modal properties of the vibrating cylinders. It is shown how these relations can be used
for system identification purposes. A more extended summary of this thesis is given in the

following section.

7.1 Summary of results

The dynamic behavior of the passenger car in HSR-350X is studied using a combination
of analytical, computational and experimental techniques. The relationships between the
characteristics of the excitation and response as measured during test runs of the train under
operating conditions are examined using random vibration techniques. The frequency de-
pendent properties for the suspension between the car body and bogie are evaluated using
these results and the results of a finite element analysis of the car body. This properties
of the suspension are then used to obtain the power spectral density of stress due to bogie
motion. These properties are also used to compute the stress transfer function at locations
of the car body where the stresses are high. The stress time history due to the motion at
the bogies is used to assess the fatigue reliability of the passenger cars using deterministic
rainflow counting procedures as well as using stochastic techniques.

The stress patterns in the car body are examined in detail using finite element analysis.

Localized stress concentrations are noted around the corners of the door and windows of the
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passenger car body. Fatigue testing procedures are then proposed to reproduce, as closely
as possible, these observed stress patterns. The loads for fatigue testing are determined
by fitting the static and dynamic stresses and displacements to the aforementioned stress
patterns.

In assessing the reliability of the car body it was found that the predicted damage due
to fatigue is very small even around the door and window openings. One reason is that
the mesh of the finite-element model is not fine enough to capture the stress concentration
around the corners of openings. To address this limitation, a semi-analytical method is
developed that can enhance the results of coarse-mesh finite element analysis to better
predict the stress concentrations around rectangular openings. This method is based on
a complex variable technique, but differs from previous approaches in that the boundary
conditions are satisfied using regression instead of complicated contour integrals. This new
semi-analytical method is used to evaluate stress concentrations around openings due to
constant and linearly varying far-field moments. While the stress distributions evaluated
using the proposed numerical approach have a spatial pattern that is somewhat different
than fine-mesh finite element results, the magnitudes of the stresses are very similar.

The global characteristics of car body vibrations are examined by studying the vibra-
tions of orthotropic and other types of cylindrical shells. Numerical methods for solving
the exact equations for the natural frequencies and mode shapes are reviewed and compared
with the results of the Rayleigh-Ritz approach. The Rayleigh-Ritz approach is extended us-

ing Fliigge shell theory. It is shown that, while in many cases the energy method provides
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good estimates of natural frequencies, it does not result in accurate mode shapes because
the mode functions assumed for the longitudinally varying components do not satisfy the
three dimensional boundary conditions and do not account for edge effects.

In the last part of this thesis, perturbation analysis is used to derive analytical expres-
sions that describe the free vibration of cylinders. These results are in terms of relatively
simple closed-form mathematical expressions that provide insight into the cylinder vibra-
tion behavior. It is shown that these expressions are also useful for system identification,
where free-vibration measurements are used to determine the elastic properti.es of the cylin-

der.

7.2 Future research

The high-speed train HSR-350x is now in commercial passenger operation and KRRI
will soon be testing the next generation HEMU-400x with operating speed of 370 km/h.
The proposed test procedures for fatigue assessment will be used in testing the new gen-
eration train. These test procedures are in the preliminary stages of development and need
to be improved. For instance more points for fitting the displacements and stresses can be
used in the least-squares analysis. The locations of the regression points can also be moved
to the places with high stress. Alternatively, weighted least-squares analysis can be used to
put more emphasis on the locations of high stress. Although only concentrated loads were

considered in this study, it is planned to use distributed loads which may result in more
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accuracy in matching actual loads.

In studying the highly localized stresses around corners, it was found that the spatial
stress patterns estimated by the proposed approach are not completely similar to the stress
patterns obtained by fine-mesh finite element analysis. It is believed that this is the result of
considering only linear and constant far-field moments. We thus intend to include nonlinear
variations of the far-field moments in our future studies. One other possible extension is
to use the results obtained in this study in micro-mechanics problems since many micro-
mechanical theories are based on models of inclusions in infinite domains. The proposed
method can also be used for evaluating stress concentrations for more complex geometries.
The conformal transformations can be determined numerically for holes and inclusions of
a wide variety of shapes.

The perturbation analysis provides zeroth- and first-order approximations of the disper-
sion relaiion which relates wave numbers to the natural frequencies. These approximations
can be used for the identification of cylinder material properties provided that experimental
measurements from free vibration of the cylinder are available. For example, the perturba-
tion analysis shows the frequency associated with the high modal density region (the region
that pertains to very small longitudinal wave numb¢rs) in the dispersion plots is related to
only one of the material properties. Therefore if one can identify this frequency from ex-
perimental measurements the corresponding material property can be found accordingly.
On the other hand the zeroth order approximation of the dispersion curve includes only

one extra material property in addition to the one that is already identified. This material
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property can be identified by matching this dispersion curve with the one obtained from
experimental measurements. Once these parameters are found, one can use the higher or-
der dispersion relations, which contain more parameters, to find the relationships between
these parameters. It is noted that in the analysis developed in chapter 6 was generally re-
stricted to orthotropic material properties. The analysis can be extended to the more general

case of symmetric, balanced laminated cylinders.

273



Appendix A

Boundary conditions at the hole

In this appendix it is shown how the boundary conditions in equation (4.17) for a trac-
tion free hole can be rewritten in terms of the analytic functions ¢(z2) and /(z). Then it is
shown how these boundary conditions can be transformed into a much simpler form.

Let s = sin§ and ¢ = cos §. Then equation (4.17) can be rewritten as:

— ks = Mgc+ (Myy — P)s (A.D

ke = Mys+ (Mgy + P)c
At the boundary, which corresponds to the unit circle, we have:

Z=c—+18

_ 1 :
Z=—=c—18

xR
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In addition one can show:
ke [(7d) = [(~(f+Thst (F =Prdo=(F+7) (A
otm [(fdz) = [(f'=Tris+ (f+Th) b ==il/ =T) (A
Therefore:
pP= /0 " Nods = /0 (N4 Nys)df = —2D /0 (¢ = FYis + (¢ + F)c) df
P=2iD (¢ — ¢)

Substituting the above integral into equations (A.1), the expressions for the boundary con-

ditions in terms of the analytic functions ¢ and 1) become:

7 [“ F0) (¢ + ) e+ o (36" + TN+ (30" = 2 Yis) +

1—v

L Pt 0 Pis) 4356~ ) 5] = ks

-D [(1 +v) (¢ + ) s - 1—;—11 (20" + 287)s — (24" — 2 )ic) —

1-v

(W +9¢")s — (W —¢)ic) —2i (¢ — &) c] = ke (A4)
These boundary conditions can be transformed into a simpler form using some integral

relations. Using the relation in (A.3) one can write:
2[m/(7¢')’dz = —i (z¢' — z¢)

:/[(E¢”—z?)is+(2¢”+z$ﬁ)c] db — / [(———) (¢; qﬁ’)] df

z 22
The argument of the second integral in the above equation can be simplified as:

AL AN

22 2 z  Z

= (@ +¢)c+ (¢~ ¢)is
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Therefore:

/i(E(b" — 2¢M)s + (Z¢" + 2¢")cdf) = /((ﬁ' +¢)c—i(¢ — ¢)sdf —i (2¢' — 2¢)
The same argument can be used to show:

/(qu" + 29")s — i(Z¢" — 2¢)cdl) = — /(gb’ + ¢)s +i(¢ — ¢)edd — (Z¢' + 2)

Integrating the equations (A.4) for the boundary conditions and using the above formula

one can write:

1

1

-V ,_, — — 3+v — 1
(@ = 0= B) +it g (6= 9) =~ [ hsdd
1—- — — 3 — 1
— =Lz 4+ b+ D) +—+ﬁ(¢+¢) = —/kcd@
2 2 D
The above equations can be rewritten as:

2+ )+ ng =kz+ K

where n = —(3+ v)/(1 — v) and k' is a complex constant of integration. It can be shown
that for the case of a plate with a hole, the constants k£ and &’ can be set to zero [Savin,

1961].
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